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Devwudfw
Frqvlghu d erwwohqhfn prqrsro| zkrvh dffhvv fkdujh lv uhjxodwhg deryh pdujlqdo frvw dqg

surylghv dffhvv wr dq roljrsro| ri grzqvwuhdp �upv1 Vkrxog wkh prqrsrolvw eh doorzhg wr
yhuwlfdoo| lqwhjudwh lqwr wkh grzqvwuhdp pdunhwB Iru wkh jhqhudo uxq ri roljrsrolvwlf pdunhw
vwuxfwxuhv/ zh vkrz wkdw d yhuwlfdo phujhu +ru dq| vhw ri yhuwlfdo uhvwudlqwv wkdw holplqdwhv wkh
h{whuqdolwlhv ehwzhhq wkh xsvwuhdp dqg wkh grzqvwuhdp �up,/ zloo qrw ghfuhdvh zhoiduh lq prvw
fdvhv1

Yhuwlfdo lqwhjudwlrq lv luuhohydqw li wkh grzqvwuhdp pdunhw lv shuihfwo| frpshwlwlyh1 Zlwk dq
roljrsro|/ wkh vkruw0 dqg orqj0uxq h�hfwv duh vrphzkdw gl�huhqw1 Lq wkh vkruw uxq frqvxphuv dqg
wkh lqwhjudwhg �up dozd|v zlq/ exw frpshwlwruv duh kxuw ehfdxvh wkh| orvh roljrsrolvwlf uhqwv1
Prvw ri wkh wlph zhoiduh lqfuhdvhv xqohvv rxwsxw lv uhglvwulexwhg dzd| iurp h!flhqw frpshwlwruv
wrzdug d yhu| lqh!fhqw yhuwlfdoo| lqwhjudwhg �up1 Ilqdoo|/ li wkhuh lv iuhh hqwu|/ frpshwlwruv dqg
frqvxphuv duh lqgl�huhqw lq wkh orqj0uxq dqg yhuwlfdo lqwhjudwlrq dozd|v lqfuhdvhv zhoiduh1
Nh|zrugv= dffhvv fkdujh/ hvvhqwldo lqsxw/ iuhh hqwu|/ qhwzrun lqgxvwulhv/ roljrsro|/ vwdeolw| frq0
glwlrqv
MHO fodvvl�fdwlrq= O45/ O55/ O84

� Zh judwhixoo| dfnqrzohgjh wkh �qdqfldo vxssruw ri Irqghf|w xqghu surmhfw 4363:38 dqg Whohiöqlfd FWF Fkloh
V1D1 Jdohwrylf dovr dfnqrzohgjhv wkh �qdqfldo vxssruw ri wkh Khzohww Irxqgdwlrq xqghu dq lqvwlwxwrqdo judqw wr
FHD1 Wkh rslqlrqv duh rxu rzq dqg gr qrw uhsuhvhqw wkrvh ri Whohiöqlfd FWF Fkloh V1D1 Zh wkdqn Mxdq Hvfredu
iru yhu| khosixo frpphqwv dqg vxjjhvwlrqv1� Fhqwur gh Hfrqrpðd Dsolfdgd/ Ghsduwdphqwr gh Lqjhqlhuðd Lqgxvwuldo/ Xqlyhuvlgdg gh Fkloh1 Dy1 Uhsýeolfd
:34/ Vdqwldjr/ Fkloh1 Who= .892529:; 7398> Id{=.892529;< :;<8> hpdlo= djdohwrCgll1xfkloh1fo1� HVH0Hvfxhod gh Qhjrflrv/ Xqlyhuvlgdg gh orv Dqghv1 Vdq Fduorv gh Dsrtxlqgr 5533/ Odv Frqghv/ Vdqwldjr1
Who= .89252745 <8571 Id{= .89252745 <7;9> H0pdlo= uvdqkxh}d1hvhCxdqghv1fo1



41 Lqwurgxfwlrq

Pdq| frxqwulhv doorz rzqhuv ri uhjxodwhg erwwohqhfn prqrsrolhv wr yhuwlfdoo| lqwhjudwh lqwr xq0
uhjxodwhg grzqvwuhdp pdunhwv1 � Exw wkhq wkh iroorzlqj uhjxodwru| glohppd lv vdlg wr h{lvw= rq
wkh rqh kdqg/ wkh dffhvv fkdujh vkrxog eh �{hg kljkhu wkdq pdujlqdo frvw/ vr wkdw wkh erwwohqhfn
prqrsro| pd| phhw khu vhoi0�qdqflqj frqvwudlqw> rq wkh rwkhu kdqg/ dq| h{fhvv ryhu pdujlqdo frvw
lv d phuh wudqvihu sulfh iru wkh yhuwlfdoo|�lqwhjudwhg d!oldwh/ zklfk lv wkxv judqwhg dq �xqgxh� frvw
dgydqwdjh1 Ehfdxvh ri wklv frvw dgydqwdjh/ vr wkh dujxphqw uxqv/ wkh yhuwlfdoo| lqwhjudwhg d!oldwh
zloo dgrsw vwudwhjlhv wkdw ghfuhdvh djjuhjdwh zhoiduh1 � Qhyhuwkhohvv/ lq wklv sdshu zh vkrz wkdw
xqghu idluo| jhqhudo frqglwlrqv wkh �xqgxh� frvw dgydqwdjh fodlp lv vxvshfw= yhuwlfdo lqwhjudwlrq
qhyhu kxuwv frqvxphuv dqg prvw ri wkh wlph lqfuhdvhv djjuhjdwh zhoiduh1

Lq rxu prgho d erwwohqhfn prqrsro| vhoov dq hvvhqwldo lqsxw/ zklfk zh fdoo �dffhvv/� wr
dq grzqvwuhdp roljrsro|1 Zh h{whqg wkh whfkqltxhv ri Iduuhoo dqg Vkdslur +4<<3, dqg frpsduh
htxloleuld ehiruh dqg diwhu d �odujh� yhuwlfdo phujhu vxfk wkdw wkh rzqhu ri wkh erwwohqhfn prqrsro|
dftxluhv rqh duelwudu| grzqvwuhdp �up dqg wkhq vhwv khu txdqwlw| wr pd{lpl}h wkh vxp ri wkh
d!oldwh*v sur�wv dqg wkrvh pdgh iurp vhoolqj dffhvv1 � Wkh srvw0phujhu ehkdylru ri wkh dftxluhg
�up zloo eh gl�huhqw rqo| ehfdxvh qrz lw pd{lpl}hv mrlqw sur�wv/ khqfh fkdqjhv lq wkh htxloleulxp
sulfh/ txdqwlwlhv dqg zhoiduh dghtxdwho| lqglfdwh wkh h�hfwv ri yhuwlfdo lqwhjudwlrq1

Wkh vfrsh ri rxu dqdo|vlv fdq eh johdqhg iurp Wdeoh 41 Rqh glphqvlrq +urzv lq Wdeoh 4,
glvwlqjxlvkhv ehwzhhq wkh vkruw0 dqg orqj0uxq h�hfw ri wkh phujhu1 Lq wkh vkruw uxq wkh qxpehu
ri �upv lq wkh grzqvwuhdp pdunhw lv �{hg> lq wkh orqj0uxq �upv hqwhu ru h{lw uhvsrqglqj wr wkh
phujhu1 Dw wkh vdph wlph/ wkh d!oldwh*v ehkdylru ghshqgv rq wkh lqwhqvlw| ri frpshwlwlrq lq wkh
grzqvwuhdp pdunhw +froxpqv lq Wdeoh 4,1 Ehfdxvh wkh h{dfw lqwhqvlw| ri grzqvwuhdp frpshwlwlrq
lv vhogrp dq revhuydeoh/ zh vhhn uhvxowv wkdw duh ydolg iru wkh jhqhudo uxq ri roljrsrolvwlf pdunhw
vwuxfwxuhv1 Wkxv zh prgho frpshwlwlrq zlwk d txdqwlw|0vhwwlqj frqmhfwxudo yduldwlrqv prgho wkdw
iroorzv Gl{lw*v +4<;9,1 Zh lpsrvh rqo| wzr uhvwulfwlrqv= vwdelolw| frqglwlrqv ã od Gl{lw +4<;9,
pxvw krog dorqj �upv* uhdfwlrq ixqfwlrqv dqg pdunhw vwuxfwxuh pxvw olh ehwzhhq wkh wzr h{wuhphv
ri frpshwlwlrq dqg prqrsro|1 Lq sduwlfxodu/ grzqvwuhdp �upv qhhg qrw eh v|pphwulf1 Wdeoh 4
vxppdul}hv wkh pdlq uhvxowv/ zklfk zh qrz glvfxvv1

� Iru h{dpsoh/ d �{hg0skrqh frpsdq| zkr rzqv wkh orfdo qhwzrun pd| dovr rzq d orqj0glvwdqfh fduulhu/ dq lqwhuqhw
surylghu ru d preloh skrqh frpsdq|1 Ru d kljk0yrowdjh wudqvplvvlrq frpsdq| pd| dovr rzq jhqhudwlrq sodqwv ru dq
hqhuj| wudglqj frpsdq|1 Ru wkh rzqhu ri d jdv slsholqh pd| dovr vhoo wr odujh xvhuv1	 Iru h{dpsoh/ wklv dujxphqw zdv xvhg lq 4<<< e| wkh Fklohdq whohfrp uhjxodwru Vxewho wr mxvwli| khu ghflvlrq wr
sulfh dw pdujlqdo frvw dffhvv wr wkh orfdo orrs ri wkh grplqdqw orfdo whohfrp frpsdq|1 Lq wkh Xqlwhg Vwdwhv vxfk
dujxphqwv kdyh ehhq jlyhq wr rssrvh wkh hqwu| ri wkh Ehoo Rshudwlqj Frpsdqlhv +ERF, lqwr orqj glvwdqfh +vhh
Eljodlvhu dqg GhJuded ^5334`,1
 Wkdw lv/ iroorzlqj Pdwkhzvrq dqg Zlqwhu +4<;7, dqg N kq dqg Ylyhv +4<<<,/ yhuwlfdo lqwhjudwlrq lv lqwhusuhwhg
dv dq| yhuwlfdo phujhu ru vhw ri yhuwlfdo uhvwudlqwv wkdw holplqdwhv wkh h{whuqdolwlhv ehwzhhq wkh xsvwuhdp dqg wkh
grzqvwuhdp �up1
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Shuihfw frpshwlwlrq Yhuwlfdo lqwhjudwlrq lv luuhohydqw li wkh grzqvwuhdp pdunhw lv shuihfwo|
frpshwlwlyh ehfdxvh suh0 dqg srvw0phujhu pdunhw htxloleulxp duh wkh vdph1

Wkh lqwxlwlrq fdq eh dssuhfldwhg wdnlqj d forvhu orrn dw wkh fhqwudo wudgh r� rswlpl}hg e| wkh
yhuwlfdoo|0lqwhjudwhg d!oldwh1 Rq wkh rqh kdqg/ khu gluhfw frvw ri dffhvv lv }hur ehfdxvh wkh dffhvv
fkdujh/ fdoo lw � / lv d phuh lqwhuqdo wudqvihu sulfh�wkh �xqgxh� frvw dgydqwdjh�> wklv vwlpxodwhv
ehlqj pruh djjuhvvlyh lq wkh grzqvwuhdp pdunhw1 Rq wkh rwkhu kdqg/ ehlqj pruh djjuhvvlyh pd|
uhgxfh ulydov* surgxfwlrq dqg ghpdqg iru dffhvv> wklv lv wkh shufhlyhg rssruwxqlw| frvw eruqh e|
wkh d!oldwh zklfk lv htxdo wr � � y/ zkhuh y � gT �� @gt � lv wkh frqmhfwxudo yduldwlrq= krz wkh
djjuhjdwh rxwsxw ri �upv rwkhu wkdq l/ T �� / uhvsrqgv wr fkdqjhv lq l*v rxwsxw/ t � 1 �

Qrz zkhq �upv duh sulfh wdnhuv wkh d!oldwh shufhlyhv wkdw ulydov zloo pdwfk khu surgxfwlrq
lqfuhphqwv rqh0e|0rqh zlwk rxwsxw uhgxfwlrqv1 Khqfh y � �4/ wkh rssruwxqlw| frvw htxdov �� dqg
qrwklqj fkdqjhv zlwk yhuwlfdo lqwhjudwlrq ehfdxvh wkh d!oldwh ehkdyhv h{dfwo| olnh wkh suh0phujhu
�up1

Roljrsro| L= vkruw uxq Frqvlghu qh{w wkh fdvh zkhq wkh qxpehu ri �upv lv �{hg dqg wkh
grzqvwuhdp pdunhw lv dq roljrsro|1 Qrz frqvxphuv dqg wkh lqwhjudwhg �up dozd|v zlq zlwk
yhuwlfdo lqwhjudwlrq/ exw frpshwlwruv duh kxuw1 Wkh lqwxlwlrq lv dv iroorzv1 Ehfdxvh lq dq roljrsro|
y A �4/ wkh d!oldwh*v pdujlqdo frvw idoov ehfdxvh vkh shufhlyhv wkdw ulydov zloo pdwfk khu surgxfwlrq
lqfuhdvhv ohvv wkdq rqh0e|0rqh zlwk rxwsxw uhgxfwlrqv +lq idfw/ khu shufhswlrq pd| eh hyhq wkdw
ulydov zloo lqfuhdvh surgxfwlrq,1 Khqfh ��y A �� / khu srvw0phujhu ehkdylru lv pruh djjuhvvlyh dqg
djjuhjdwh rxwsxw pxvw lqfuhdvh zlwk yhuwlfdo lqwhjudwlrq1 Wklv hurghv wkh grzqvwuhdp pdujlq dqg
uhgxfhv grxeoh pdujlqdol}dwlrq�khqfh frqvxphuv duh xqdpeljxrxvo| ehwwhu r�1 Ulydov duh kxuw
e| orzhu pdujlqv ehfdxvh wkhlu roljrsrolvwlf uhqwv idoo�kdugo| d uhdvrq ri frqfhuq iurp d vrfldo
zhoiduh shuvshfwlyh1

Zkdw lv wkh h�hfw rq vrfldo zhoiduhB Zh vkrz wkdw zkhq �upv* rxwsxwv duh vwudwhjlf frpsoh0
phqwv +dv lq Eljodlvhu dqg Gh Juded ^5334` dqg GhJuded ^5336`, zhoiduh pxvw lqfuhdvh= doo �upv
surgxfh pruh zlwk yhuwlfdo lqwhjudwlrq dqg sulfh0pdujlqdo frvw pdujlqv duh srvlwlyh lq dq roljrsro|1
Zhoiduh pd|/ exw qhhg qrw/ idoo zkhq �upv* rxwsxwv duh vwudwhjlf vxevwlwxwhv1 Hvvhqwldoo|/ lq wkdw
fdvh rxwsxw lv uhglvwulexwhg iurp frpshwlwruv wr wkh d!oldwh1 Li wkh d!oldwh lv pxfk pruh lqh!flhqw/
wkhq wkh frvw lqfuhdvh pd| frpshqvdwh wkh zhoiduh jdlq ri frqvxphuv dqg wkh kljkhu sur�wv ri wkh
d!oldwh1 Wkxv/ lqh!flhqw rxwsxw uhglvwulexwlrq pd| eh wkh rqo| uhdvrq zk| zhoiduh pd| idoo1

Roljrsro| LL= orqj uxq Lq wkh orqj uxq wkh htxloleulxp djjuhjdwh txdqwlw| dqg sulfh duh wkh
vdph dv ehiruh wkh phujhu/ uhjdugohvv ri pdunhw vwuxfwxuh grzqvwuhdp1 Frqvhtxhqwo|/ yhuwlfdo
lqwhjudwlrq d�hfwv qhlwkhu frqvxphuv qru frpshwlwruv1 Wkh rqo| h�hfw lv wkdw wkh d!oldwh h{sdqgv

� Lq whupv ri Dupvwurqj hw do1 +4<<9,/ 3y lv wkh krprjhqhrxv0jrrg htxlydohqw ri wkh �glyhuvlrq udwlr1�
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khu surgxfwlrq/ dqg wklv lv h{dfwo| frpshqvdwhg e| rxwsxw uhgxfwlrqv e| �upv wkdw h{lw dw wkh
pdujlq1 Ehfdxvh wkh d!oldwh*v sur�wv lqfuhdvh/ zhoiduh xqdpeljxrxvo| lqfuhdvhv1

Ehklqg wklv uhvxow lv d vrphzkdw vxusulvlqj lpsolfdwlrq ri iuhh hqwu|= lq wkh orqj uxq sulfhv
duh ghwhuplqhg rqo| e| wkh orqj0uxq dyhudjh frvw ri pdujlqdo �upv dqg wkh htxloleulxp roljrsrolvwlf
pdujlq lv qrw d�hfwhg e| wkh phujhu1 Zh vkrz wkdw wklv zloo krog dv orqj dv �upv* frqmhfwxuh y
grhv qrw ghshqg gluhfwo| rq wkh qxpehu ri �upv lq wkh pdunhw�d vwdqgdug dvvxpswlrq lq wkh LR
olwhudwxuh1 Hvvhqwldoo|/ diwhu wkh yhuwlfdo phujhu wkh d!oldwh*v lqfuhdvh lq rxwsxw lv h{dfwo| pdwfkhg
e| dq htxlydohqw uhgxfwlrq ri wkh rxwsxw ri iulqjh �upv/ wkxv ohdylqj wkh htxloleulxp sulfh frqvwdqw1

Ylfnhuv +4<<8, dqdo|}hg wkh uhjxodwru| glohppd zlwk d prgho zkhuh d erwwohqhfn prqrsro|
rswlpdoo| uhjxodwhg ã od Edurq0P|huvrq vhoov dffhvv wr d Frxuqrw pdunhw zlwk iuhh hqwu|1 Rq wkh
rqh kdqg/ yhuwlfdo lqwhjudwlrq lv ehqh�fldo ehfdxvh lw uhgxfhv zdvwhixo gxsolfdwlrq ri �{hg frvwv
eurxjkw derxw e| h{fhvvlyh hqwu|> rq wkh rwkhu kdqg/ lw lv frvwo| ehfdxvh wkh prqrsrolvw*v ehqh�w
ri lq dwlqj frvwv lv kljkhu1 Khqfh wkh qhw h�hfw ri yhuwlfdo lqwhjudwlrq rq zhoiduh lv dpeljxrxv dqg
ghshqgv rq pdunhw sdudphwhu ydoxhv1

Frqwudu| wr wklv sdshu/ exw olnh Eljodlvhu dqg GhJuded +5334, dqg Gh Juded +5336,/ zh
wdnh wkh dffhvv fkdujh � dv h{rjhqrxvo| jlyhq1 Rqh uhdvrq wr pdnh wklv dvvxpswlrq lv vlpso|
sudfwlfdo/ dv zh zdqw wr prgho duelwudu| grzqvwuhdp pdunhw vwuxfwxuhv zlwk d wudfwdeoh prgho1
Exw lq dgglwlrq/ Edurq0P|huvrq uhjxodwlrq uhtxluhv uhjxodwruv wr eh deoh wr �{ rxwsxwv dqg pdnh
wudqvihuv frqwlqjhqw rq frvw uhsruwv1 Lq sudfwlfh/ uhjxodwruv gr qrw kdyh vxfk lqvwuxphqwv dydlodeoh
dqg mxvw �{ pd{lpxp wdul�v1 Lq wkdw vhwwlqj/ prqrsrolvwv idfh qr wudgh r� zkhq lq dwlqj frvwv
dqg jdlq wkh vdph zlwk kljkhu wdul�v zkhwkhu wkh| duh lqwhjudwhg lqwr wkh grzqvwuhdp pdunhw ru
qrw1 Wkxv/ zh eholhyh wkdw dv d �uvw sdvv dqdo|vlv ri uhjxodwru| sudfwlfh lw pdnhv vhqvh wr dvvxph
wkdw � lv lqghshqghqw ri yhuwlfdo lqwhjudwlrq1 �

Eljodlvhu dqg GhJuded +5334, dqg Gh Juded +5336, dovr vwxg| wkh uhjxodwru| glohppd zlwk
prghov ri gl�huhqwldwhg surgxfwv zkhuh v|pphwulf grzqvwuhdp �upv frpshwh vhwwlqj sulfhv1 Lq
wkhvh prghov sulfhv duh qdwxudoo| vwudwhjlf frpsohphqwv1 Khqfh/ ehfdxvh wkh yhuwlfdoo| lqwhjudwhg
d!oldwh ehkdyhv pruh djjuhvvlyho|/ frqvxphuv hqg xs ehwwhu r�1 Zhoiduh pd| idoo/ krzhyhu/ li wkh
fkdqjh lq uhodwlyh sulfhv glyhuwv hqrxjk frqvxphuv iurp wkhlu prvw suhihuuhg eudqg1 Ri frxuvh/
wklv dgglwlrqdo vrxufh ri lqh!flhqf| fdqqrw dsshdu lq rxu prgho ehfdxvh wkh �qdo surgxfw lv
krprjhqhrxv1

Rxu sdshu lv dovr uhodwhg zlwk wkh olwhudwxuh rq rswlpdo dffhvv sulflqj1 Od�rqw dqg Wluroh
+4<<7, dqg Dupvwurqj hw do1 +4<<9, vwxg| rswlpdo dffhvv fkdujh uhjxodwlrq lq d prgho zkhuh wkh

� Iru h{dpsoh/ dffhvv fkdujhv wr wkh orfdo whohskrqh orrs duh ghwhuplqhg e| d surfhvv wkdw lv lqghshqghqw ri
zkhwkhu wkh Ehoo Rshudwlqj Frpsdqlhv duh doorzhg lqwr wkh orqj0glvwdqfh pdunhw +Eljodlvhu dqg GhJuded ^5334`,1
Wklv lv dovr wkh fdvh lq Fkloh iru orfdo whohskrqh frpsdqlhv dqg hohfwulflw| glvwulexwruv1
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lqwhjudwhg prqrsrolvw frpshwhv grzqvwuhdp zlwk d frpshwlwlyh iulqjh wkdw surgxfhv dq lpshuihfw
vxevwlwxwh1 Wkhvh sdshuv/ krzhyhu/ dqdo|}h rswlpdo dffhvv fkdujh uhjxodwlrq zkhq wkh sulfh lq
wkh grzqvwuhdp pdunhw lv uhjxodwhg dqg wkh lqwhjudwhg �up1 � 1 E| frqwudvw/ rxu sdshu dvvxphv d
ixoo| ghuhjxodwhg grzqvwuhdp pdunhw dqg dq h{rjhqrxv dffhvv fkdujh1 Wkxv rxu irfxv lv rq wkh
vwuxfwxudo txhvwlrq/ zkhwkhu yhuwlfdo lqwhjudwlrq lqwr d ghuhjxodwhg grzqvwuhdp pdunhw vkrxog eh
doorzhg/ dv lq Ylfnhuv +4<<8,1

D fhqwudo sduw ri rxu dqdo|vlv lv wr ghwhuplqh wkh h�hfw ri d yhuwlfdo phujhu1 Lw wxuqv rxw wkdw
Iduuho dqg Vkdslur*v +4<<3, whfkqltxhv wr dvvhvv krul}rqwdo phujhuv fduu| ryhu doprvw gluhfwo|/ dv
orqj dv �up l*v ehvw uhvsrqvh ixqfwlrq ghshqgv rq frpshwlwruv dfwlrqv rqo| wkurxjk wkhlu djjuhjdwh
rxwsxw T ��� Lq vxfk d vhwwlqj/ rxu dqdo|vlv jhqhudol}hv wkhluv lq wzr gluhfwlrqv1 Iluvw/ zh vwxg|
wkh h�hfwv ri phujhuv iru wkh jhqhudo uxq ri roljrsrolvwlf pdunhw vwuxfwxuhv/ qrw rqo| zkhq �upv
frpshwh ã od Frxuqrw1 Vhfrqg/ doorzlqj hqwu| dqg h{lw vkrzv wkdw krul}rqwdo phujhuv duh olnho| wr
kdyh txlwh gl�huhqw vkruw0 dqg orqj0uxq h�hfwv1 Lq sduwlfxodu/ zlwk iuhh hqwu| d krul}rqwdo phujhu
wkdw uhgxfhv frvwv lv dozd|v zhoiduh lqfuhdvlqj/ uhjdugohvv ri pdunhw vwuxfwxuh1

Ehiruh surfhhglqj zh fdoo dwwhqwlrq wr d fdyhdw1 Zh duh zhoo dzduh wkdw/ dv Gl{lw +4<;9/
s1 494, qrwhv/ wkh frqmhfwxudo yduldwlrqv prgho �lv vxemhfw wr zhoo phulwhg fulwlflvp/� ehfdxvh
�uhdfwlrqv� dqg �frqmhfwxuhv� kdyh qr ydolg g|qdplf irxqgdwlrq lq d vwdwlf prgho1 Exw rxu dlp
khuh lv wr v|vwhpdwlfdoo| vwxg| wkh h�hfw ri yhuwlfdo lqwhjudwlrq/ +l, glvfxvvlqj pryhphqwv lq rxwsxwv/
sur�wv/ pdujlqv dqg zhoiduh dw wkh �up dqg pdunhw ohyho> +ll, rewdlq uhvxowv wkdw duh ydolg iru wkh
jhqhudo uxq ri pdunhw vwuxfwxuhv zlwk qr d sulrul uhtxluhphqwv rwkhu wkdq sur�w pd{lpl}dwlrq dqg
vwdelolw|1

Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6 vwxglhv wkh vkruw0uxq h�hfwv ri d phujhu1 Vhfwlrq 7
h{whqgv wkh prgho dqg vwxglhv h{lw lq uhvsrqvh wr wkh phujhu1 Vhfwlrq 8 frqfoxghv1

51 Wkh Prgho

5141 Prgho ghvfulswlrq
Surgxfwlrq D erwwohqhfn prqrsro| surgxfhv dq hvvhqwldo lqsxw/ zklfk zh zloo fdoo �dffhvv/� dw
qr frvw dqg vhoov lw dw d uhjxodwhg dffhvv fkdujh � A 3 wr q �upv wkdw rshudwh lq wkh grzqvwuhdp
pdunhw dqg xvh lw lq �{hg sursruwlrqv1 Ilup l kdv frvw ixqfwlrq f � +t � ,/ zkhuh t � 5 ^3> t`/ zlwk t odujh
exw �qlwh/ lv wkh dprxqw lw surgxfhv1 T � S������ t� lv wkh wrwdo dprxqw surgxfhg lq wkh pdunhw dqg
T �� � S ������� t� lv wkh wrwdo dprxqw surgxfhg e| �upv rwkhu wkdq l1 Xqwlo vhfwlrq 7/ q lv dvvxphg
wr eh �{hg dqg h{rjhqrxv1 Zh ghqrwh e| f wkh 4� q urz0yhfwru ri frvw ixqfwlrqv f � +t � ,1

� Dupvwurqj dqg Ylfnhuv +4<<;, dvvxph d ghuhjxodwhg grzqvwuhdp pdunhw/ exw olplw wkhlu dqdo|vlv wr d grplqdqw
surylghu zlwk d frpshwlwlyh iulqjh1

8



Ghpdqg Wkh ghpdqg ixqfwlrq lv s @ s+T,zlwk s � ? 31 Dovr/ G+T, � s � � +T, dqg zh dvvxph
wkdw s. s �T ? 3 +ghfuhdvlqj pdujlqdo uhyhqxh,1

Frqmhfwxudo yduldwlrqv dqg vwudwhjlf lqwhudfwlrq lq wkh grzqvwuhdp pdunhw Wr fdswxuh
wkh zkroh udqjh ri srvvleoh roljrsro| rxwfrphv/ zh xvh d frqmhfwxudo yduldwlrqv prgho edvhg rq
Gl{lw +4<;9,1 Ilup l kdv wkh iroorzlqj frqmhfwxudo yduldwlrq derxw krz ulydov �uhdfw� wr dq lqfuhdvh
lq t � =

gT �� @gt � @ y+t � > T � � ,>
zlwk sduwldo ghulydwlyhv y ! dqg y �#" 1 Qrwh wkdw ulydov d�hfw l*v frqmhfwxuh rqo| wkurxjk T �� > wklv zloo
eh lpsruwdqw ehorz1 Wr lqwhusuhw wkhvh frqmhfwxudo yduldwlrq/ dvvxph wkdw �up l lv qrw yhuwlfdoo|
lqwhjudwhg1 Wkhq khu sur�w ixqfwlrq lv

� � @ s+T,t � � ^f � +t � , . �t � `>

dqg lwv shufhlyhg pdujlqdo sur�w lv

� � +t � >T �� , � g� � @gt � @ s� +f �� . �, . t � s � +4 . y, +514,

+khqfhiruwk zh rplw ixqfwlrq dujxphqwv iru euhylw| zkhqhyhu lw grhv qrw fdxvh frqixvlrq,1
Vwdqgdug prghov olnh Frxuqrw/ shuihfw frpshwlwlrq dqg prqrsrolvwlf frooxvlrq duh vshfldo

fdvhv ri wklv jhqhudo irupxodwlrq1 Dv d ehqfkpdun/ qrwh wkdw zkhq y � 3 zh kdyh Frxuqrw
frqmhfwxuhv= zkhq �upv rswlpl}h/ wkh| wdnh T �� dv jlyhq1 Dw rqh h{wuhph/ zkhq y � �4/ g� � @gt � @
s � +f �� . �, dqg �upv dfw dv li wkh pdunhw lv shuihfwo| frpshwlwlyh1 Dw wkh rwkhu h{wuhph/ zkhq
y @ T �� @t � / wkhq t � s � +4 . y, @ s �T/ dqg �upv frooxgh dw wkh prqrsro| rxwsxw1

UHPDUN Zh dvvxph wkdw wkh frqmhfwxudo yduldwlrq y lv wkh vdph iru doo �upv rqo| wr dyrlg dq
dgglwlrqdo vxevfulsw1 Dv zloo ehfrph sodlq ehorz/ lw lv wulyldo wr h{whqg wkh prgho wr doorz iru
y � 9@ y� 1

Lw zloo eh frqyhqlhqw wr pdnh wkh iroorzlqj dvvxpswlrq derxw y=

Dvvxpswlrq 41 Iru doo sdluv +{>[,/ �4 � y+{>[, � [@{1

Wklv dvvxpswlrq vlpso| frqvwudlqv htxloleuld lq wkh grzqvwuhdp pdunhw wr olh ehwzhhq shuihfw
frpshwlwlrq dqg prqrsro|1

UHPDUN Lq whupv ri Dupvwurqj hw do1 +4<<9,/�y lv wkh krprjhqhrxv0jrrg htxlydohqw ri wkh
�glyhuvlrq udwlr1� Lq d gl�huhqwldwhg surgxfwv prgho zkhuh �upv frpshwh vhwwlqj sulfhv +vhh/ iru
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h{dpsoh/ GhJuded ^5336`, wklv lv wkh udwlr ri wkh vxp ri d �up*v furvv sulfh h�hfwv wr lwv rzq sulfh
h�hfw1 Lq wklv prgho lw lv wkh udwlr ri wkh fkdqjh lq rwkhu �upv* frpelqhg rxwsxw wr d fkdqjh lq d
�upv rzq rxwsxw1 Zkhq wkh pdunhw lv shuihfwo| frpshwlwlyh wkh glyhuvlrq udwlr lv 4= �T �� @ ��t � >
zlwk Frxuqrw frqmhfwxuhv�T �� @ 3> dqg zlwk prqrsrolvwlf frooxvlrq�T �� @ T �� @t � �ulydo rxwsxw
h{sdqgv zlwk l*v rxwsxw1

5151 Htxloleulxp lq wkh grzqvwuhdp pdunhw
515141 Gh�qlwlrqv
Qrwh wkdw hdfk srvvleoh prgho fdq eh ghvfulehg e| d wxsoh +q>f> s> y> �,1 Lq zkdw iroorzv lw lv xvhixo
wr suhflvho| gh�qh htxloleulxp lq wkh grzqvwuhdp pdunhw iru prgho +q>f> s> y> �,1 Rxu ehqfkpdun
lv wkh fdvh zlwk qr yhuwlfdo lqwhjudwlrq=
Gh�qlwlrq 5141 Dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk qr yhuwlfdo lqwhjudwlrq lq prgho
+q>f> s> y> �, lv d sulfh s $ dqg d 4� q urz0yhfwru t $ ri �up rxwsxwv vxfk wkdw=

+l, Vxemhfw wr y+t � > T �� ,/ �upv pd{lpl}h sur�wv=

t $� @ dujpd{is+T $ �� . t � ,t � � f � +t � ,� �t � j= +515,

+ll, Wkh pdunhw fohduv=
s $ @ s+T $ ,> +516,

zkhuh T $ @ t $ � 4 +4 lv d q� 4 froxpq0yhfwru ri rqhv,1
Qh{w zh gh�qh dq htxloleulxp lq wkh grzqvwuhdp pdunhw zkhq wkh hvvhqwldo idflolw| yhuwlfdoo|

lqwhjudwhv1 Zh xvh wkh vxshuvfulsw c�* wr ghqrwh �yhuwlfdo lqwhjudwlrq1� Yhuwlfdo lqwhjudwlrq frqvlvwv
lq wkh hvvhqwldo idflolw| dftxlulqj rqh ri wkh q �upv lq wkh grzqvwuhdp pdunhw/ fdoo lw �up p1

Gh�qlwlrq 5151 Dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk yhuwlfdo lqwhjudwlrq lq prgho
+q>f> s> y> �, lv d sulfh s % dqg d 4� q urz0yhfwru t % ri �up rxwsxwv vxfk wkdw=

+l, Ilupv dqg wkh prqrsrolvw pd{lpl}h sur�wv=

t %� @ dujpd{is+T % �� . t � ,t � � f � +t � ,� �t � j=> +517,

t %& @ dujpd{is+T % � & . t & ,t & � f & +t � , . �T % � & j= +518,
vxemhfw/ uhvshfwlyho|/ wr y+t � > T �� , dqg y+t & >T � & ,=

+ll, Wkh pdunhw fohduv=
s % @ s+T % ,> +519,

:



Qrwh wkdw wkh remhfwlyh ixqfwlrqv +517, dqg +518, gl�hu1 Rq wkh rqh kdqg/ wkh yhuwlfdoo| lqwhjudwhg
�up grhv qrw frqvlghu wkh dffhvv fkdujh � zkhq h{sdqglqj surgxfwlrq/ ehfdxvh iurp khu shuvshfwlyh
lw lv d phuh lqwhuqdo wudqvihu ihh> wklv lv wkh mxvwl�fdwlrq ehklqg wkh �xqgxh dgydqwdjh� fodlp1 Rq wkh
rwkhu kdqg/ wkh yhuwlfdoo| lqwhjudwhg �up ehqh�wv iurp vdohv ri wkh hvvhqwldo lqsxw wr frpshwlwruv>
wkxv/ khu pd{lpl}dwlrq zloo eh lq xhqfhg e| wkh h�hfw wkdw vkh �dqwlflsdwhv/� zklfk lv fdswxuhg e|
khu frqmhfwxudo yduldwlrq y+t & > T � & ,1

UHPDUN Wkhuh lv qr orvv ri jhqhudolw| lq wklv zd| ri prgholqj yhuwlfdo lqwhjudwlrq1 Lq sdu0
wlfxodu/ vxssrvh wkdw wkh prqrsrolvw dftxluhv n . 4 grzqvwuhdp �upv/ p/ p . 4> ===>p . n lq
prgho +q>f> s> y> �,1 Wkhq/ zh fdq frqvlghu prgho +q � > f � > s> y> �, zlwk q � � q � n dqg f � �
+f � > f '�( ===> f & > f &*),+-) � ===> f � , zlwk f & +t & , � plqqS&.),+��� & f� +t� ,

���S &*),+�/� & t� @ t & r dqg vwxg| wkh h�hfw
ri dq krul}rqwdo phujhu lq prgho +q � > f � > s> y,1

515151 Vwdelolw| frqglwlrqv dqg vrph ri wkhlu lpsolfdwlrqv
Ehjlq zlwk vwdelolw| frqglwlrqv zkhq wkhuh lv qr yhuwlfdo lqwhjudwlrq1 Wkhq wkh htxloleulxp ydoxhv
t $ duh gh�qhg e| q �uvw rughu frqglwlrqv

� � +t $� >T $ �� , @ s $ � +f �� . �, . t $� s � +4 . y, @ 3=

Wkh q vhfrqg0rughu frqglwlrqv duh

5s � +4 . y, . t $� s � � +4 . y, ' . t $� s � +y ! . y � y �#" ,� f � �� ? 3= +51:,

Qrz gh�qh
d � +t � >T �� , � C ' � � @Ct '� @ s � +5 . y, . t � s � � +4 . y, . t � s � y ! � f � ��

dqg
e � +t � >T �� , � C ' � � @Ct � CT � � @ s � . t � s � � +4 . y, . t � s � y �0" =

Wkdw lv/ e � lv wkh ghulydwlyh ri l*v pdujlqdo sur�w zlwk uhvshfw wr klv frpshwlwruv* dfwlrqv1 Wkh VRF
+51:, fdq eh qrz uhzulwwhq dv d � . e � y ? 31 Dv Gl{lw +4<;9/ ss1 44: dqg 44;, vkrzv/ qhfhvvdu|
frqglwlrqv iru vwdelolw| duh +dw wkh htxloleulxp srlqw,

d � ? 3> +51;,

dqg wkdw
+�4, � �� �� ��� +d � � e � ,� k4 .S�� ���21435 6 3 � 1 387

l A 3= +51<,

;



Vx!flhqw frqglwlrqv iru vwdelolw| duh hqvxuhg uhtxlulqj gldjrqdo grplqdqfh lq wkh frh!flhqw pdwul{/
l1h1

md � m A +q� 4, me � m = +5143,
Qrz lw lv vwudljkwiruzdug wr vkrz wkdw li frqglwlrq +5143, krogv/ wkhq iru doo l=

d � � e � ? 3= +5144,

UHPDUN Lw fdq eh vkrzq +vhh Gl{lw ^4<;9`/ s1 44;, wkdw wkh vorsh ri wkh djjuhjdwh uhdfwlrq ixqfwlrq
idflqj �up l lv

U � � gT ��
gt � @ � E �

4 .E � +5145,
zlwk E � � S���� � e� @+d� � e� ,1 Qrz vlqfh 4 .E � A 3 +vhh Gl{lw ^4<;9/ s1 44;`,/ dqg d� � e� ? 3/ wkh
iroorzlqj iroorzv= li iru doo �upv l/ pdujlqdo sur�w +514, lqfuhdvhv zlwk T � � / wkdw lv e � A 3 iru doo l/
U � A 3 iru doo l1 Wkxv/ zh kdyh d prgho zlwk vwudwhjlf frpsohphqwv lq wkh vwdqgdug whuplqrorj|
ri Exorz hw do1 +4<;8,1 Li/ rq wkh rwkhu kdqg/ pdujlqdo sur�w +514, idoov zlwk T �� / wkdw lv e � ? 3
iru doo l/ U � ? 3 iru doo l dqg zh kdyh d prgho zlwk vwudwhjlf vxevwlwxwhv1 Ehorz zh zloo uhshdwhgo|
xvh wklv wd{rqrp|1

Qrz zlwk yhuwlfdo lqwhjudwlrq vwdelolw| frqglwlrqv pxvw eh voljkwo| prgl�hg wr dffrxqw iru
wkh fkdqjh lq p*v remhfwlyh ixqfwlrq1 Khu IRF lv

� %& +t %& > T % � & , @ s % � +f �& . �, . t %& s � +4 . y, . �+4 . y, @ 3>

zlwk VRF

5s � +4 . y, . t %& s � � +4 . y, ' . t %& s � +y ! . y � y �#" ,� f � �& . �+y ! . y � y �#" , ? 3=

Qrz lw fdq eh hdvlo| vkrzq wkdw

d %& +t & > T � & , @ d & . �y !

dqg
e %& +t & >T � & , @ e & . �y �#" =

Khqfh/ d %& . e %& y @ d & . e & y. �+y ! . y � y �#" , ? 3 lv �up*v p VRF dqg vwdelolw| frqglwlrqv duh dv
+51;,/ +51<, dqg +5143, exw vxevwlwxwlqj d %& iru d & dqg e %& iru e & 1

UHPDUN Zlwk Frxuqrw frqmhfwxuhv y � 31 Wkxv y ! @ y �#" @ 3 dqg d %& @ d & dqg e %& @ e & 1
Vlploduo|/ zlwk shuihfw frpshwlwlrq y � �41
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Wkh iroorzlqj dvvxpswlrq lqglfdwhv wkh fodvv ri prghov iru zklfk rxu dqdo|vlv dssolhv1

Dvvxpswlrq 51 Zh frqvlghu wkh vhw ri prghov +q> f> s> y> �, vxfk wkdw= +l, wkh| kdyh dw ohdvw rqh
htxloleulxp zlwkrxw yhuwlfdo lqwhjudwlrq dqg rqh htxloleulxp zlwk yhuwlfdo lqwhjudwlrq> +ll, +51;,/
+51<, dqg +5143,/ dqg wkhlu htxlydohqwv zkhq �up p lv yhuwlfdoo| lqwhjudwhg/ krog iru doo sdluv
+t � > T �� , dorqj l*v uhdfwlrq fxuyh iru doo �upv l1 Fdoo wklv vhw ri prghov P1

Dvvxpswlrq 4 lpsolhv wkh iroorzlqj uhvxow zklfk zloo eh xvhixo lq zkdw iroorzv=

Ohppd 5161 Hdfk prgho +q>f> s> y> �, 5 P kdv rqh dqg rqo| rqh htxloleulxp zlwkrxw yhuwlfdo
lqwhjudwlrq/ dqg rqh dqg rqo| rqh htxloleulxp zlwk yhuwlfdo lqwhjudwlrq1

Surri1 Vhh Hvfredu dqg Jdohwrylf +5337, iru wkh ghwdlohg surri1 Khuh zh suhvhqw d vkruwhu yhuvlrq1
H{lvwhqfh lv e| dvvxpswlrq1 Surylqj xqltxhqhvv dprxqwv wr vkrz wkdw wkh k|srwkhvlv ri

wkh Srlqfduì0Krsi lqgh{ wkhruhp krog dw dq| htxloleulxp srlqw1 Wklv wkhruhp lpsolhv wkdw li
j = D $ LU � / zkhuh D lv d frpsdfw fxeh lq LU � dqg wkh ghwhuplqdqw ri G+�j+d,, A 3 zkhqhyhu
j+d, @ 3/ wkhq wkhuh lv d xqltxh vroxwlrq wr j+d, @ 31 9

Qrz khuh j+t, � ^� � +t � >T �� ,> ===> � � +t � >T � � ,` � dqg

G^�j+d,` @ +�4,�

5
9999997

d � e � = = = e �
e ' d ' = = = e '
111 1 1 1 111
e � e � = = = d �

6
::::::8
=

Wkh ghwhuplqdqw ri G^�j+d,` htxdov +vhh Vhdgh ^4<;6`,

+�4, � �� �� ��� +d � � e � ,� k4 .S�� ��� 1436 3 � 143
l >

zklfk lv vwulfwo| srvlwlyh e| vwdelolw| frqglwlrq +51<,1 Dq dqdorjrxv dujxphqw vkrzv wkdw wkh
htxloleulxp zlwk yhuwlfdo lqwhjudwlrq lv xqltxh1

515161 Wkh frpshwlwlyh uhvsrqvh ri lqghshqghqw �upv
Doprvw e| gh�qlwlrq/ d phujhu*v h�hfw rq txdqwlwlhv lv �odujh/� exw frpsdudwlyh vwdwlf h{huflvhv duh
ydolg rqo| iru vpdoo fkdqjhv1 Lq wklv vhfwlrq zh vkrz krz wr xvh wkhvh frqglwlrqv wr h{soruh wkh
h�hfwv ri �odujh� phujhuv1

: Vhh Ylyhv +4<<</ s1 7;,1
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Wkh iroorzlqj uhvxow/ zklfk jhqhudol}hv d uhvxow e| Iduuho dqg Vkdslur +4<<3, rewdlqhg iru
Frxuqrw roljrsro|/ vxppdul}hv wkh h�hfw ri dq lqfuhdvh lq rxwsxw rq frpshwlwruv dqg wkxv djjuhjdwh
pdunhw rxwfrphv1
Ohppd 5171 Frqvlghu dq h{rjhqrxv fkdqjh lq �up p*v rxwsxw �t & A 3 lq prgho +q>f> s> y> �, 5
P/ dqg ohw wkh rwkhu �upv* rxwsxwv dgmxvw wr uh0hvwdeolvk dq htxloleulxp dprqj wkhpvhoyhv> fdoo
�T � �t & .S� �� & �t � wkh uhvxowlqj fkdqjh lq djjuhjdwh rxwsxw1 Wkhq +l, �T A 3/ l1h1 djjuhjdwh
rxwsxw pryhv lq wkh vdph gluhfwlrq dv t & > +ll, li �upv* uhdfwlrq fxuyhv vorsh grzqzdugv ryhu wkh
zkroh uhohydqw udqjh/ +l1h1 �upv* rxwsxwv duh vwudwhjlf vxevwlwxwhv, wkhq �T ? �t & dqg �t � ? 3
iru doo l rwkhu wkdq p> +lll, li �upv* uhdfwlrq fxuyhv vorsh xszdugv ryhu wkh zkroh uhohydqw udqjh
+l1h1 �upv* rxwsxwv duh vwudwhjlf frpsohphqwv,/ wkhq �T A �t & dqg �t � A 3 iru doo l rwkhu wkdq
p> +ly, sur�wv idoo iru doo �upv l 9@ p1

Surri1 Vlqfh dq| glvfuhwh fkdqjh �t & fdq eh ghfrpsrvhg dv wkh lqwhjudo vxp ri lq�qlwhvlpdo
fkdqjhv/ lw lv hqrxjk wr suryh wkh Ohppd iru dq lq�qlwhvlpdo fkdqjh gt & zkhqhyhu vljqv gr qrw
fkdqjh1 Iru sduw +l,/ li gT kdv wkh vdph vljq dv gt & / wkhq �T kdv wkh vdph vljq dv �t & > iru
sduw +ll, li 3 ? gT@gt & ? 4/ wkhq 3 ? �T@�t & ? 4 dqg li gt � ? 3 wkhq �t � ? 3> iru sduw +lll,/
li gT@gt & A 4/ wkhq �T@�t & A 4 dqg li gt � ? 3 wkhq �t � ? 3> iru sduw +ly,/ li g� � ? 3/ wkhq
�� � ? 31

Qrz e| wkh gh�qlwlrq ri wkh djjuhjdwh uhdfwlrq ixqfwlrq idflqj �up p zh kdyh wkdw gT � & @
U & gt & 1 Vlqfh gT � gt & .gT � & / lw iroorzv wkdw gT @ +4.U & ,gt & 1 Gh�qlwlrq +5145, lpsolhv wkdw

gT @ 4
4 .E & gt & = +5146,

Sduw +l, iroorzv iurp qrwlqj wkdw 4 .E & A 31 Qrz li �upv* rxwsxwv duh vwudwhjlf vxevwlwxwhv/ wkhq
E & A 3/ dqg gT ? gt & > wklv hvwdeolvkhv wkdw djjuhjdwh rxwsxw lqfuhdvhv exw ohvv wkdq �t & 1 Li
rxwsxwv duh vwudwhjlf frpsohphqwv/ E & ? 3 dqg gT A gt & > wklv hvwdeolvkhv wkdw djjuhjdwh rxwsxw
lqfuhdvhv e| pruh wkdq �t & 1

Wr frpsxwh wkh h�hfw rq lqglylgxdo rxwsxwv/ qrwh wkdw htxloleulxp uhtxluhv wkdw

+d � � e � ,gt � . e � gT @ 3 +5147,

iru doo �upv l1 Vroylqj iru gt � / dqg dgglqj xs iru doo l |lhogv gT @ �E & gT . gt & / khqfh gT @
gt & @+4 .E & ,1 Vxevwlwxwlqj edfn lqwr +5147, |lhogv

gt � @ � e �
d � � e � �

4
4 .E& � gt & +5148,

zklfk kdv wkh vljq ri e � = lw lv dozd|v qhjdwlyh li rxwsxwv duh vwudwhjlf vxevwlwxwhv/ dozd|v srvlwlyh
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li wkh| duh vwudwhjlf frpsohphqwv1 Wklv hvwdeolvkhv sduwv +ll, dqg +lll,1
Wr suryh sduw +ly, qrwh wkdw g� � @ t � s � ^gT� +4. y,gt � `1 Vxevwlwxwlqj iru gT iurp +5146, dqg

gt � iurp +5148,/
g� � @ t � s �

4 .E & � d � . e � y
d � � e � � gt & =

Wkh vljq ri wkh �uvw iudfwlrq lv reylrxvo| qhjdwlyh> wkh qxphudwru ri wkh vhfrqg iudfwlrq lv wkh
vhfrqg0rughu frqglwlrq/ dqg +5144, lpsolhv wkdw wkh vhfrqg iudfwlrq lv srvlwlyh1 Wklv frpsohwhv wkh
surri1

Wkh ohppd vwdwhv vhyhudo lpsruwdqw idfwv1 Wr ehjlq/ surylghg vwdelolw| frqglwlrqv duh phw/ dq
lq�qlwhvlpdo fkdqjh lq wkh rxwsxw ri roljrsrolvw p zloo uhvxow lq dq lq�qlwhvlpdo fkdqjh lq djjuhjdwh
rxwsxw ri wkh vdph vljq/ uhjdugohvv ri wkh w|sh ri vwudwhjlf lqwhudfwlrq�lq sduwlfxodu/ wkh uhvxow
lv ydolg hyhq zkhq uhdfwlrqv fxuyhv fkdqjh vorsh lq wkh wudmhfwru|1 Vlploduo|/ sur�wv ri ulydov zloo
idoo1 Vhfrqg/ rxwsxw ri frpshwlwruv xqdpeljxrxvo| idoov iru vwudwhjlf vxevwlwxwhv/ dqg lqfuhdvhv iru
frpsohphqwv1

UHPDUN Qrwh wkdw �up p qhhg qrw ehkdyh rswlpdoo| iru Ohppd 517 wr krog1 Wklv mxvw lqglfdwhv
wkdw d fkdqjh lq �up p*v flufxpvwdqfhv zloo d�hfw wkh htxloleulxp ri frpshwlwruv rqo| wkurxjk
t & 1 Iru wklv uhdvrq/ wkh ohppd lv xvhixo wr dqdo|}h wkh h�hfwv ri dq| fkdqjh zurxjkw e| yhuwlfdo
lqwhjudwlrq wkdw d�hfwv p*v rxwsxw�h1j1 hfrqrplhv ru glvhfrqrplhv ri vfrsh/ suhgdwlrq1 Pruhryhu/
Ohppd 517 h{whqgv Iduuho dqg Vkdslur*v +4<<3, uhvxowv wr duelwudu| roljrsrolvwlf pdunhw vwuxfwxuhv1

UHPDUN Qrwh wkdw lq wkh surri ri Ohppd 517 d � / e � dqg E & duh wkh vdph zlwk dqg zlwkrxw
yhuwlfdo lqwhjudwlrq1 Khqfh wkh surri lv ydolg iru fkdqjhv lq p*v rxwsxw erwk zlwk dqg zlwkrxw
yhuwlfdo lqwhjudwlrq1

61 Wkh h�hfw ri d yhuwlfdo phujhu

Zh duh qrz uhdg| wr vwxg| yhuwlfdo phujhuv1 Frqvlghu d prgho +q> f> s> y> �, 5 P dqg frpsxwh
wkh htxloleulxp +s $ >t $ , lq wkh grzqvwuhdp pdunhw zlwk qr yhuwlfdo lqwhjudwlrq1 Wkhq dvvxph wkdw
�up p yhuwlfdoo| lqwhjudwhv/ dqg frpsxwh wkh htxloleulxp +s % >t % , lq wkh grzqvwuhdp pdunhw zlwk
yhuwlfdo lqwhjudwlrq1 Krz grhv wkh htxloleulxp fkdqjh diwhu wkh yhuwlfdo phujhuB Vhfwlrq 614 vwxglhv
wkh h�hfw ri wkh yhuwlfdo phujhu rq pdunhw htxloleuld1 Vhfwlrq 615 dqdo|}hv krz djjuhjdwh zhoiduh
fkdqjhv dqg lv uhglvwulexwhg dprqj frqvxphuv/ wkh yhuwlfdoo| lqwhjudwhg �up dqg frpshwlwruv1
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6141 Wkh h�hfw rq grzqvwuhdp pdunhw htxloleulxp
Wr dvvhvv wkh pdunhw h�hfw ri d yhuwlfdo phujhu/ zh �uvw ghwhuplqh wkh htxloleulxp h�hfw rq p*v
rxwsxw1 Wkhq zh fdq xvh Ohppd 517 wr dvvhvv wkh htxloleulxp uhvsrqvh ri qrq0lqwhjudwhg �upv1

Iru l 9@ p/ wkh rswlpl}dwlrq sureohp zlwk yhuwlfdo lqwhjudwlrq lv wkh vdph dv zlwkrxw yhuwlfdo
lqwhjudwlrq1 E| frqwudvw/ iru �up p/ wkh remhfwlyh lv qrz wr fkrrvh t & wr pd{lpl}h wkh vxp ri
sur�wv e| wkh hvvhqwldo idflolw| dqg wkh yhuwlfdoo| lqwhjudwhg grzqvwuhdp �up/ yl}1

st & � f & � �+t & � �T & , @ st & � f & . �T � & = +614,

Dv wkh ohiw0kdqg vlgh ri +614, lqglfdwhv/ wkh fhwhulv sdulexv h�hfw ri wkh phujhu lv dnlq wr uhgxflqj
wkh frvw ri wkh yhuwlfdoo| lqwhjudwhg �up1 Dowhuqdwlyho|/ rqh fdq frqvrolgdwh sur�wv wkxv holplqdwlqj
wkh lqwhuqdo wudqvihu ehwzhhq wkh prqrsro| dqg wkh d!oldwh> wkh uhvxow lv wkh uljkw0kdqg vlgh ri
+614,1

Wkh �uvw wzr whupv ri wkh uljkw�kdqg vlgh +st & � f & , duh xvxdoo| kljkoljkwhg e| wkrvh zkr
dujxh wkdw yhuwlfdo phujhuv frqihu dq �xqgxh dgydqwdjh� wr wkh d!oldwh1 Ehlqj mxvw dq lqwhuqdo
wudqvihu sulfh/ wkh frvw whup �t & gursv zlwk yhuwlfdo lqwhjudwlrq1 Qhyhuwkhohvv/ wklv dujxphqw
ljqruhv wkdw surgxfwlrq e| ulydov udlvhv p*v sur�w ehfdxvh wkh| sd| wkh dffhvv fkdujh � 1 Wkxv/
li T � & idoov/ wkh hvvhqwldo idflolw| ehduv dq rssruwxqlw| frvw1 Wr dvvhvv wkh pdjqlwxgh ri wkh
rssruwxqlw| frvw/ qrwh wkdw wkh suh0phujhu pdujlqdo sur�w ixqfwlrq ri �up p lv

g� & @gt & @ s. t & s � +4 . y,� +f �& . �,>

zkloh wkh srvw0phujhu ixqfwlrq lv

g� %& @gt & @ s. t & s � +4 . y,� f �& . �y
@ s. t & s � +4 . y,� +f �& . �, . �+4 . y,

Wkh iroorzlqj uhvxow iroorzv lpphgldwho| iurp frpsdulqj erwk pdujlqdo sur�w ixqfwlrqv zkhq
y � �4=
Sursrvlwlrq 6141 Li wkh grzqvwuhdp pdunhw lv shuihfwo| frpshwlwlyh +y � �4, wkhq +s % >t % , @
+s $ >t $ , lv dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk yhuwlfdo lqwhjudwlrq1

Surri1 Li y � �4 wkhq +s $ >t $ , vroyhv wkh v|vwhp ri q IRF lq wkh prgho zlwk yhuwlfdo lqwhjudwlrq/
� � +t $� >T $ �� , @ 31 Wkh uhvxow iroorzv iurp xqltxhqhvv1

Wkh lqwxlwlrq lv dv iroorzv1 Li wkh grzqvwuhdp pdunhw lv shuihfwo| frpshwlwlyh/ wkhq s lv jlyhq/
dqg dq| lqfuhdvh lq wkh phujhg �up*v rxwsxw pxvw eh frpshqvdwhg rqh0e|0rqh e| d ghfuhdvh lq
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wkh rxwsxw ri frpshwlwruv1 Wkxv/ t $& lv dovr rswlpdo1
Qrz li y A �4 dqg frpshwlwlrq lv lpshuihfw/ wkh frvw ri dffhvv iru wkh d!oldwh lv lq idfw

vpdoohu=

Sursrvlwlrq 6151 Li wkh grzqvwuhdp pdunhw lv lpshuihfwo| frpshwlwlyh/ wkh d!oldwh*v rssruwxqlw|
frvw ri dffhvv lv vpdoohu wkdq � 1

Surri1 Iru dq| sdlu +t & >T � & ,

s. t & s � +4 . y,� +f �& . �, . �+4 . y, A s. t & s � +4 . y,� +f �& . �,

ehfdxvh y A �41

Sursrvlwlrq 615 zrxog vhhp wr frq�up wkh ihduv ri dq �xqgxh dgydqwdjh� ri wkh lqwhjudwhg
prqrsrolvw1 Exw dv zh zloo vkrz qh{w/ wkh frvw dgydqwdjh dozd|v ehqh�wv frqvxphuv dqg lw lv olnho|
wr lqfuhdvh zhoiduh1 Wr jhw wkdw uhvxow/ zh �uvw vkrz wkdw p*v rxwsxw ulvhv diwhu wkh yhuwlfdo phujhu1

Ohppd 6161 t %& A t $& 1

Surri1 Vxssrvh/ e| zd| ri frqwudglfwlrq/ wkdw t %& � t $& 1 Zh h{dplqh krz p*v pdujlqdo sur�w
ixqfwlrq

� %& ^t & >T � & +t & ,` @ s. t & s � +4 . y,� f �& . �y> +615,
zlwk T � & +t & , wkh sur�w0pd{lpl}lqj uhvsrqvh ri �upv l 9@ p/ dv t & fkdqjhv1 Wkh frqwudglfwlrq
zloo eh hvwdeolvkhg e| vkrzlqj wkdw � %& ^t & > T � & +t & ,` lqfuhdvhv dv t & idoov1 Khqfh/ rqh fdqqrw �qg
t & � t $& vxfk wkdw � %& ^t & > T � & +t & ,` @ 3 dqg wkhq � %& ^t $& >T � & +t $& ,` A 31

Qrz wrwdoo| gl�huhqwldwlqj +615, dqg diwhu vrph dojheudlf pdqlsxodwlrq/
C� %&
Ct & . C� %&

CT � &
gT � &
gt & @ d %& � e %& U & ? 3>

zkhuh wkh lqhtxdolw| iroorzv e| qrwlqj wkdw +l, d %& ? 3/ e| vwdelolw|> dqg +ll,

md %& m A +q� 4, me %& m A U & me %& m >

zkhuh wkh �uvw lqhtxdolw| iroorzv iurp vwdelolw| dqg wkh vhfrqg iurp Gl{lw +4<;9/ s1 44<,1 Khqfh
� %& ^t & >T � & +t & ,` A � %& ^t $& >T � & +t $& ,` A 3 iru doo t & � t $& 1

Zh duh qrz uhdg| wr vwdwh dqg suryh wkh pdlq uhvxow lq wklv sdshu zklfk fkdudfwhul}hv yhuwlfdo
lqwhjudwlrq zlwk dq roljrsrolvwlf grzqvwuhdp pdunhw=
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Sursrvlwlrq 6171 Il{ prgho +q>f> s> y> �, 5 P/ zlwk y A �41 Ohw +s $ >t $ ,eh wkh htxloleulxp
lq wkh grzqvwuhdp pdunhw zlwk qr yhuwlfdo lqwhjudwlrq dqg +s % >t % , wkh fruuhvsrqglqj htxloleulxp
zkhq �up p yhuwlfdoo| lqwhjudwhv1 Dovr/ ohw � % dqg � $ eh wkh fruuhvsrqglqj yhfwruv ri sur�wv1
Wkhq= +l, s % ? s $ / T % A T $ dqg � %� ? � $� iru doo l 9@ p> +ll, li �up*v rxwsxwv duh vwudwhjlf vxevwlwxwhv/
wkhq t %� ? t $� iru doo l 9@ p> +lll, li �up*v rxwsxwv duh vwudwhjlf frpsohphqwv/ wkhq t %� A t $� iru doo
l 9@ p1

Surri1 Wkh surri lv d vwudljkwiruzdug lpsolfdwlrq ri Ohppdv 517 dqg 6161

Wkxv d yhuwlfdo phujhu dozd|v ehqh�wv frqvxphuv1 ; Wkh lqwxlwlrq lv txlwh vlpsoh1 Kdylqj
d frvw dgydqwdjh/ wkh d!oldwh h{sdqgv surgxfwlrq dqg uhgxfhv wkh glvwruwlrq gxh wr roljrsrolvwlf
frpshwlwlrq1 Dw wkh vdph wlph/ wkh yhuwlfdo phujhu kxuwv frpshwlwruv ehfdxvh wkh htxloleulxp
sulfh idoov/ zklfk zrxog vhhp wr fruurerudwh wkh fodlp ri dq �xqgxh� dgydqwdjh1 Qhyhuwkhohvv/
frpshwlwruv duh kxuw rqo| ehfdxvh wkh| orvh uhqwv wkdw ruljlqdwh lq wkh h{huflvh ri pdunhw srzhu�
kdugo| d uhdvrq wr eh frqfhuqhg iurp d vrfldo zhoiduh shuvshfwlyh1

6151 Zhoiduh
Zh fdq qrz dqdo|}h wkh zhoiduh lpsdfw ri d yhuwlfdo phujhu xvlqj wkh whfkqltxh ghyhorshg e|
Iduuhoo dqg Vkdslur +4<<3,1 Prvw ri wkh wlph d yhuwlfdo phujhu zloo d�hfw surgxfwlrq glvfuhwho|1
Exw dq| glvfuhwh fkdqjh lq zhoiduh fdq eh ghfrpsrvhg dv d vxp ri lq�qlwhvlpdo fkdqjhv1 Pruhryhu/
zh kdyh vhhq wkdw wkh uhvsrqvh ri �upv l 9@ pghshqgv rqo| rq wkh fkdqjh lq t & 1 Khqfh/ wkh fkdqjh
lq zhoiduh �Z ri d glvfuhwh fkdqjh �t & lv htxdo wr

�Z @
] !/<=
!?>=

gZ
gt & gt & >

zkhuh t $& lv p*v suh0phujhu rxwsxw/ t %& lv p*v srvw phujhu rxwsxw dqg wkh lqwhjudqg lv hydoxdwhg
dvvxplqj wkdw �upv l 9@ l ehkdyh rswlpdoo| jlyhq y dqg t & 1 Wkxv/ dv orqj dv zh fdq vljq @�A@ !B= doo
dorqj wkh sdwk/ zh fdq rewdlq wkh zhoiduh h�hfw ri d phujhu wkdw glvfuhwho| ulvhv p*v rxwsxw1

Khqfh frqvlghu �uvw wkh zhoiduh h�hfw ri d vpdoo lqfuhdvh lq p*v rxwsxw/ gt & 1 Vlqfh wkh jurvv
ehqh�w ri rxwsxw lv phdvxuhg dw sulfh s/ zh kdyh

gZ @ sgt & � gf & .S � �C & +s� f �� ,gt � +616,
@ +s� f �& ,gt & .S� �C & +s� f �� ,gt �

Qrz zlwk vwudwhjlf frpsohphqwv doo �upv h{sdqg iru dq| t & 1 Khqfh zhoiduh pxvw ulvh=
D Ri frxuvh/ zh duh dvvxplqj wkdw wkhuh lv qr vderwdjh1 Vhh wkh glvfxvvlrq lq wkh frqfoxvlrq1
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Uhvxow 6181 Li rxwsxwv duh vwudwhjlf frpsohphqwv wkhq �Z A 3 zkhq p*v rxwsxw h{sdqgv1
Wklqjv duh qrw vwudljkwiruzdug zkhq wkh surgxfwlrq ri ulydov idoov dqg surgxfwlrq lv uhglv0

wulexwhg wrzdugv wkh phujhg �up/ ehfdxvh wkh uhdoorfdwlrq pd| eh lqh!flhqw1 Wr vhh wklv/ uhzulwh
gZ dv

+s� f �& ,gT.S � �C & +f �& � f �� ,gt � = +617,
Wkh �uvw whup lv wkh lqfuhdvh lq zhoiduh ehfdxvh djjuhjdwh rxwsxw ulvhv zlwk p*v1 Wkh vhfrqg whup
lv wkh h�hfw rq zhoiduh ri wkh uhglvwulexwlrq ri rxwsxw wrzdugv p1

Lq dq| fdvh/ lw lv dssduhqw wkdw li p*v pdujlqdo frvw lv qrw kljkhu wkdq dq| ri wkh rwkhu �upv/
zhoiduh pxvw ulvh ehfdxvh wkh uhglvwulexwlrq ri rxwsxw uhgxfhv wrwdo frvwv=
Uhvxow 6191 Li p*v pdujlqdo frvw lv wkh vpdoohvw/ wkhq �Z A 3 zkhq p*v rxwsxw h{sdqgv1

Lw iroorzv wkdw lq wkh vshfldo exw vwdqgdug fdvh zkhq pdujlqdo frvwv duh frqvwdqw dqg wkh vdph
iru doo �upv/ zhoiduh xqdpeljxrxvo| ulvhv zlwk d yhuwlfdo phujhu1 Lw lv dovr fohdu wkdw d qhfhvvdu|
+exw qrw vx!flhqw, frqglwlrq iru zhoiduh wr idoo zlwk wkh yhuwlfdo phujhu lv wkdw rxwsxw pxvw eh
uhglvwulexwhg wrzdugv d ohvv h!flhqw phujhg �up1

Wr dqdo|}h wkh fdvh zkhq p lv qrw wkh prvw h!flhqw �up/ uhzulwh +616, dv iroorzv1 Iluvw/ qrwh
wkdw s� f �� @ � � t � s � +4 . y, dqg gt � @ � 14E6 E � 14E gT1 Dgglqj dqg vxevwudfwlqj t & gs dqg pdnlqj wkh
dssursuldwh vxevwlwxwlrqv zh kdyh wkdw

gZ @ +sgt & . t & gs� gf & ,� t & gs�S � �C & ^� � t � s � +4 . y,` 14E6 E � 1 E gT
@ +g� & . �U & gT,� �v & �S� �C & � � v � �Ts � gT>

zkhuh v � lv �up l*v pdunhw vkduh dqg � � � +4 . y, 14E6 E � 14E 1Wkh �uvw sduhqwkhvlv lv wkh fkdqjh lq sur�wv ri wkh phujhg grzqvwuhdp �up/ zklfk lv fohduo|
srvlwlyh1 Iroorzlqj Iduuhoo dqg Vkdslur +4<<3,/ zh fdq fdoo wkh vhfrqg whup wkh phujhu*v �h{whuqdo
h�hfw/� wkh vxp ri wkh fkdqjhv lq frqvxphu vxusoxv dqg sur�wv ri �upv rwkhu wkdq p1 Lw iroorzv
wkdw d qhfhvvdu| frqglwlrq iru d phujhu wr ghfuhdvh zhoiduh lv v & � S � �C & � � v � ? 3> frqyhuvho|/ d
vx!flhqw frqglwlrq iru d phujhu wr eh zhoiduh lpsurylqj zkhq rxwsxwv duh vwudwhjlf vxevwlwxwhv lv
wkdw v & �S � �C & � � v � � 3 doo dorqj wkh lqwhjudwlrq sdwk1

Zh pljkw h{dplqh zklfk frqglwlrqv rq ghpdqg/ frvw dqg uhdfwlrq ixqfwlrqv duh vx!flhqw
iru v & �S � �C & � � v � � 3/ exw zh zrxog jhw ixuwkhu wkdq Iduuhoo dqg Vkdslur*v +4<<3, Sursrvlwlrq 81
Hvvhqwldoo|/ wkh sureohp lv wkdw wklug rughu h�hfwv lqhylwdeo| dsshdu/ dqg wkh| fdqqrw eh ljqruhg
ehfdxvh d phujhu lv oxps|1 Wkxv vx!flhqw frqglwlrqv fdq eh rewdlqhg rqo| uhvwulfwlqj wkh vljq ri
wkh wklug ghulydwlyhv ri ghpdqg/ frvw dqg uhdfwlrq ixqfwlrqv1 Wkh rqo| �jhqhudo� ohvvrq wkdw zh fdq
h{wudfw lv wkdw d yhuwlfdo phujhu kxuwv zhoiduh rqo| li wkhuh rffxuv d vljql�fdqw rxwsxw uhglvwulexwlrq
wrzdugv dq lqh!flhqw phujhg �up1
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71 Hqwu| dqg orqj0uxq htxloleulxp

Vr idu rxu dqdo|vlv kdv dvvxphg wkdw wkh qxpehu ri �upv zlwk ru zlwkrxw yhuwlfdo lqwhjudwlrq lv
wkh vdph1 Exw ehfdxvh sur�wv idoo zlwk yhuwlfdo lqwhjudwlrq/ rqh pd| h{shfw �upv wr h{lw lq d
orqj0uxq htxloleulxp1 Lq wklv vhfwlrq zh frpsduh htxloleuld zlwk dqg zlwkrxw yhuwlfdo lqwhjudwlrq
doorzlqj iuhh hqwu|1 Wkh vrphzkdw vxusulvlqj uhvxow lv wkdw xqghu �vwdqgdug� dvvxpswlrqv yhuwlfdo
lqwhjudwlrq grhv qrw d�hfw sulfhv dqg lv xqdpeljxrxvo| zhoiduh lqfuhdvlqj1

7141 Prgholqj h{lw
Wr prgho h{lw/ rqh pxvw dvvxph vrphwklqj derxw wkh �upv wkdw duh �dw wkh pdujlq1� D vwdqgdug
dvvxpswlrq lv wkdw wkhuh lv d iulqjh ri lghqwlfdo �upv wkdw hqwhu ru h{lw ghshqglqj rq wkh orqj0uxq
htxloleulxp sulfh1 Wkxv dgg wr dq| prgho +q> f> s> y> �, 5 P d iulqjh ri lghqwlfdo �upv zlwk frvw
ixqfwlrq n . f F +t,/ zkhuh n lv d �{hg frvw zklfk lv lqghshqghqw ri t dqg f � F A 31 Zh dvvxph wkdw
n . f F +t, � f � +t, iru doo t � 3 dqg iru doo l 5 i4> 5> ===> qj�wkdw lv/ �upv lq wkh iulqjh surgxfh dw d
frvw dw ohdvw dv kljk dv �upv lq prgho +q> f> s> y> �,1 Dovr/ iru vlpsolflw| zh dvvxph wkdw wkh qxpehu
ri iulqjh �upv dfwlyh lq htxloleulxp/ i / lv frqwlqxrxv1 G Fdoo wkhvh vhw ri prgho P F 1

Wkh wlplqj lv dv iroorzv1 Lq wkh �uvw vwdjh ri wkh jdph/ �upv ghflgh zkhwkhu wkh| hqwhu1 Lq
wkh vhfrqg vwdjh/ wkh| frpshwh1 Zh �uvw gh�qh dq htxloleulxp zlwk hqwu| dqg wkhq vwdwh wkh pdlq
uhvxow ri wklv vhfwlrq1

7151 Orqj0uxq htxloleulxp lq wkh grzqvwuhdp pdunhw
Gh�qlwlrqv Dv ehiruh/ lw lv xvhixo wr gh�qh htxloleulxp=
Gh�qlwlrq 7141 Dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk iuhh hqwu| dqg qr yhuwlfdo lqwhjud0
wlrq lq prgho +q> f> s> y> �, lv d sulfh s $ / d 4�q urz0yhfwru t $ ri �up rxwsxwv dqg qxpehuv +t $F > i $ ,
vxfk wkdw=

+l, Vxemhfw wr y+t � > T �� ,/ �upv pd{lpl}h sur�wv=

t $� @ dujpd{is+T $ �� . t � ,t � � f � +t � ,� �t � j=

+ll, Hdfk dfwlyh iulqjh �up pdnhv }hur sur�wv=

s $ t $F � n � f F +t $F ,� �t $F @ 3= +714,
H Vhdgh +4<;3, vkrzhg wkdw frqwlqxlw| dw wkh pdujlq hqwdlov qr orvv ri jhqhudolw|1 Li wkh qxpehu ri iulqjh �upv i lv

frqwlqxrxv/ wkhq uhvwulfw dwwhqwlrq wr lqwhjhu ydoxhv ri wklv yduldeoh1 Wkhq li � lv dq| ghshqghqw yduldeoh gh�qhg rq i /
lwv fkdqjh zkhq rqh dgglwlrqdo glvfuhwh �up hqwhuv htxdov {� ' U I?JLKI � M Ex�gx1 Lw lv fohdu wkdw Et�}?{�� ' dt�}?� M Ex�o
zkhqhyhu wkh odwwhu vljq grhv qrw fkdqjh lq wkh lqwhuydo Ei> i n ��1 Wkxv/ wkh vljql�fdqw dvvxpswlrq rqh pdnhv lv
wkdw wkh vljq ri � M Ex� grhv qrw fkdqjh/ zklfk zloo krog li vwdelolw| frqglwlrqv gr1
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+lll, Wkh pdunhw fohduv=
G+s $ , @ T $ @ t $ � 4.i $ t $F =

Qh{w zh gh�qh dq htxloleulxp lq wkh grzqvwuhdp pdunhw zkhq wkh hvvhqwldo idflolw| yhuwlfdoo|
lqwhjudwhv1

Gh�qlwlrq 7151 Dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk iuhh hqwu| dqg yhuwlfdo lqwhjudwlrq
lq prgho +q>f> s> y> �, lv d sulfh s % / d 4� q urz0yhfwru t % ri �up rxwsxwv dqg qxpehuv +t %F > i % ,vxfk
wkdw=

+l, Vxemhfw wr y+t � > T �� ,/ �upv dqg wkh prqrsrolvw pd{lpl}h sur�wv=

t %� @ dujpd{is+T % �� . t � ,t � � f � +t � ,� �t � j=

t %& @ dujpd{is+T % � & . t & ,t & � f & +t � ,� �+T & � t & ,j=
+ll, Hdfk dfwlyh iulqjh �up pdnhv }hur sur�wv=

s % t %F � n � f F +t %F ,� �t %F @ 3 +715,

+lll, Wkh pdunhw fohduv=
G+s % , @ T % @ t % � 4.i % t %F =

UHPDUN Frqwlqxlw| lq i doorzv wkh frqyhqlhqfh ri gh�qlqj wkh iulqjh*v hqwu| frqglwlrq dv d vwulfw
}hur sur�w frqglwlrq1

Wkh iroorzlqj dgglwlrqdo whfkqlfdo dvvxpswlrq lv pdgh wr hqvxuh wkdw lq dq| htxloleulxp zlwk
ru zlwkrxw yhuwlfdo lqwhjudwlrq/ i A 3=

Dvvxpswlrq 61 Frqvlghu wkh vxevhw ri prghov lq P F vxfk wkdw y � �41 Iru wklv vxevhw/ i A 3
lq doo htxloleuld zlwk yhuwlfdo lqwhjudwlrq1

Dvvxpswlrq 6 lv vx!flhqw ehfdxvh lq prghov zlwkrxw hqwu| wkh htxloleulxp sulfh lv orzhvw
zkhq wkh grzqvwuhdp pdunhw lv shuihfwo| frpshwlwlyh1 Li wkdw sulfh lv vx!flhqw wr fryhu wkh
plqlpxp dyhudjh frvw ri d iulqjh �up/ hqwu| lv sur�wdeoh dw kljkhu sulfhv d iruwlwlrul1 Zh pdnh
wklv dvvxpswlrq ehfdxvh/ dv Vhdgh +4<;3, dujxhg/ �hqwu|� kdv qr vwudljkwiruzdug phdqlqj li iulqjh
�upv duh qrw krprjhqhrxv1
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Wkh orqj0uxq h�hfw ri yhuwlfdo lqwhjudwlrq Zh qrz vwdwh dqg suryh wkh pdlq uhvxow ri wklv
vhfwlrq1 Lw vd|v wkdw yhuwlfdo lqwhjudwlrq grhv qrw d�hfw wkh htxloleulxp sulfh li wkhuh lv iuhh hqwu|
ehfdxvh p*v h{sdqvlrq ri rxwsxw lv h{dfwo| frpshqvdwhg e| dq htxlydohqw h{lw ri iulqjh �upv1
Sursrvlwlrq 7161 Ohw +s $ >t $ > t $F > i $ , eh dq htxloleulxp ri wkh grzqvwuhdp pdunhw zlwk iuhh hqwu|
dqg qr yhuwlfdo lqwhjudwlrq lq prgho +q>f> s> y> �,1 Wkhq +s $ >t % > t $F > i % , lv dq htxloleulxp ri wkh
grzqvwuhdp pdunhw zlwk iuhh hqwu| dqg yhuwlfdo lqwhjudwlrq zlwk +l, t %� @ t $� iru doo l 9@ p> +ll,
t %F @ t $F > +lll, t %& � t $& @ +i $ � i % ,t $F A 3> +ly, t %& 5 +t $& > t $& . i $ t $F ,1
Surri1 Xqltxhqhvv lpsolhv wkdw lw vx!fhv wr vkrz wkdw wkhuh h{lvwv vxfk +s $ >t % > t $F > i % , wkdw vdwlv�hv
wkh uhohydqw IRF1

Qrz +l,�+ly, krog wkhq T % @ T $ dqg T % �� @ T $ �� iru doo dfwlyh l 9@ p1 Lw iroorzv wkdw
t $� @ dujpd{is+T $ �� . t � ,t � � f � +t � ,� �t � j iru doo l 9@ p1 Pruhryhu/ doo dfwlyh iulqjh �upv pdnh }hur
sur�wv dqg wkh pdunhw fohduv1 Lw uhpdlqv wr eh vkrzq wkdw wkhuh h{lvwv t %& 5 +t $& > t $& . i $ t $F , vxfk
wkdw

s $ +T $ , . t %& s � +T $ ,+4 . y,� f �& +t %& , . �y @ 3
zlwk y hydoxdwhg dw +t %& >T $ � t %& ,1

Wr suryh wklv gh�qh

!+t & , � s+T $ , . t & s � +T $ ,+4 . y,� f �& +t & , . �y

dqg
#+t & , � !+t & ,� �+4 . y,

zlwk y hydoxdwhg dw +t & >T $ � t & ,1 Qrwh wkdw #+t $& , @ 3 dqg !+t & , A #+t & , iru doo +t & > T $ � t & ,1
Wkxv/ !+t $& , A 3> pruhryhu/ !+T $ , ? 31 N4O Lw iroorzv wkdw wkhuh h{lvwv dw ohdvw rqh ht & vxfk wkdw
!+ht & , @ 31 Exw xqltxhqhvv lpsolhv wkdw ht & � t %& 1 E| wkh vhfrqg0rughu frqglwlrq zh kdyh wkdw erwk
� & dqg � %& duh grzqzdug vorslqj dw wkh rswlpxp/ khqfh t %& A t $& 1 Odvw/ i % @ kt %& .S� �P & t $�

l @t $F A
3 iroorzv iurp Dvvxpswlrq 61

Lw lv zhoo nqrzq wkdw zlwk shuihfw frpshwlwlrq wkh orqj0uxq htxloleulxp sulfh lv ghwhuplqhg
rqo| e| wkh plqlpxp orqj0uxq dyhudjh frvw ri hqwudqwv dqg lv lqghshqghqw ri pdunhw frqfhqwudwlrq
QSR Wkh surri lv dv iroorzv1 Dvvxpswlrq 4 lpsolhv wkdw 4@ tyET T > f�� ' f@T T ' f1 Khqfh yET T > f� M E3�> fo1 Qrz

!ET T � ' sET T � nT T s U ET T �3 f U V ET T � n yd� nT T s U ET T �o=
Vlqfh sET T �nT T s U ET T � e| dvvxpswlrq/ wklv lv fohduo| qhjdwlyh li hlwkhu y ' f ru �nT T s U ET T � A f1 Li �nT T s U ET T �o ? f/
rq wkh rwkhu kdqg/ !ET T � fdqqrw eh juhdwhu wkdq

sET T � nT T s U ET T �3 f U V ET T �3 d� nT T s U ET T �o>
zklfk lv dw prvw 3 li doo rxwsxw lv rswlpdoo| surgxfhg e| rqh �up zkhq wkh pdunhw lv shuihfwo| frpshwlwlyh1
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+vhh Exvwrv dqg Jdohwrylf ^5336` iru d surri,> wr vrph h{whqw/ Sursrvlwlrq 716 h{whqgv wklv uhvxow wr
duelwudu| pdunhw vwuxfwxuhv1 Lq rwkhu zrugv/ wkh phujhu grhv qrw d�hfw wkh htxloleulxp roljrsrolvwlf
pdujlq/ uhjdugohvv ri wkh lqwhqvlw| ri frpshwlwlrq1 N/N Wklv uhvxow pd| vhhp vxusulvlqj/ ehfdxvh
vwdqgdug lqwxlwlrq dqg irupdo dqdo|vlv vkrz wkdw sulfhv whqg wr idoo zlwk hqwu| zkhq wkh pdunhw lv
lpshuihfwo| frpshwlwlyh +vhh/ iru h{dpsoh/ Vhdgh ^4<;3` dqg Pdqnlz dqg Zklqvwrq ^4<;9`,1 Zkdw
h{sodlqv wklv vhhplqj sdudgr{B

Wkh lqwxlwlrq fdq eh dssuhfldwhg zlwk wkh khos ri Iljxuh 41 Ehfdxvh iulqjh �upv pxvw pdnh
}hur sur�wv lq htxloleulxp/ s $ pxvw htxdo wkh dyhudjh frvw ri d iulqjh �up1 Dw wkh vdph wlph/ wkh
sulfh0pdujlqdo frvw pdujlq

s $ � f � F +t $F , @ t $F s � +T $ , k4 . y+t $F > T $ � F ,
l +716,

lv ghwhuplqhg e| y dqg lqfuhdvhv dv wkh lqwhqvlw| ri frpshwlwlrq idoov1 Zkhq wkh pdunhw lv shuihfwo|
frpshwlwlyh y @ �4/ wkh pdujlq lv }hur dqg wkh vwdqgdug uhvxow iroorzv= lq wkh orqj0uxq wkh
htxloleulxp sulfh htxdov wkh plqlpxp dyhudjh frvw1 Rq wkh rwkhu kdqg/ lq dq roljrsro| s $ pxvw eh
htxdo wr dyhudjh frvw dqg/ lq dgglwlrq/ |lhog d sulfh0pdujlqdo frvw pdujlq frqvlvwhqw zlwk y1 Ehfdxvh
y+t $F >T $ � F , lv d ixqfwlrq ri wkh qxpehu ri �upv rqo| wkurxjk T $ � F / zklfk yhuwlfdo lqwhjudwlrq ohdyhv
xqfkdqjhg/ dqg s � lv d ixqfwlrq rqo| ri T $ / wkh htxloleulxp pdujlq ri iulqjh �upv grhv qrw fkdqjh
zlwk wkh phujhu1 Khqfh/ qhlwkhu grhv wkh orqj0uxq htxloleulxp sulfh1 Pruh jhqhudoo|/ dq| fkdqjh
wkdw d�hfwv wkh frpsrvlwlrq ri rxwsxw dprqj lqiudpdujlqdo �upv zloo d�hfw wkh qxpehu ri iulqjh
�upv/ exw qrw wkh htxloleulxp sulfh1 Wkxv/ lw lv hvvhqwldoo| wkh dvvxpswlrq wkdw wkh frqmhfwxudo
yduldwlrq lv lqghshqghqw ri wkh qxpehu ri �upv wkdw xqghuolhv wkh uhvxow1

Ri frxuvh/ rqh pljkw dujxh wkdw fkdqjhv lq q d�hfw wkh w|sh ri frpshwlwlrq�wkdw lv/ y lv d
ixqfwlrq ri q gluhfwo|1 Exw zh vkrxog phqwlrq wkdw frpprq sudfwlfh dprqj LR hfrqrplvwv lv wr
prgho dv li q grhv qrw d�hfw y h{fhsw wkurxjk T �� 1 Iru h{dpsoh/ wklv lv lpsolflw lq dq| dqdo|vlv
vwxg|lqj wkh h�hfwv ri hqwu| zlwk d Frxuqrw prgho/ zkhuh y � 31
UHPDUN Qrwh wkdw ehfdxvh wkh yhuwlfdo phujhu d�hfwv iulqjh �upv rqo| wkurxjk T $ � F / qrwklqj lq
wkh surri ri uhvxow ghshqgv rq wkh phujhu ehlqj �yhuwlfdo�1 Khqfh/ Sursrvlwlrq 716 dovr dssolhv wr
krul}rqwdo phujhuv/ wkxv h{whqglqj Iduuho dqg Vkdslur*v +4<<3, dqdo|vlv ri krul}rqwdo phujhuv wr
wkh fdvh zlwk iuhh hqwu|1
UHPDUN Wklv orqj0uxq uhodwlrq lv frqvlvwhqw zlwk sulfhv idoolqj dqg rxwsxw lqfuhdvlqj zkhq wkh
qxpehu ri �upv h{rjhqrxvo| lqfuhdvhv/ zklfk lv wkh vwdqgdug uhvxow lq wkh olwhudwxuh1 Exw dgglqj
d }hur0sur�w frqglwlrq dw wkh pdujlq vkrzv wkdw zkhq sulfhv idoo lq uhvsrqvh wr hqwu|/ �upv dw wkh
pdujlq qr orqjhu sd| wkhlu orqj0uxq frvwv dqg hyhqwxdoo| vrph ri wkhp pxvw h{lw1 Surylghg wkdw
W4W Ri frxuvh/ wkh ohvv lqwhqvh frpshwlwlrq/ wkh kljkhu wkh orqj0uxq sulfh0pdujlqdo frvw pdujlq1
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wkhuh lv d iulqjh ri vlplodu �upv dw wkh pdujlq/ �upv h{lw xqwlo wkh sulfh uhwxuqv wr lwv orqj0uxq
ohyho1

UHPDUN H{suhvvlrq +716, lqglfdwhv wkdw wkh orqj0uxq htxloleulxp sulfh lv qrw lqyduldqw wr sdud0
phwulf fkdqjhv wkdw d�hfw ixqfwlrq s � 1 Iru h{dpsoh/ li pdunhw vl}h lqfuhdvhv/ ms � m dqg orqj0uxq
htxloleulxp pdujlqv zloo idoo/ d vwdqgdug uhvxow lq wkh olwhudwxuh dqg dovr lq rxu prgho1

Wr hqg wklv vhfwlrq/ qrwh wkdw ehfdxvh frqvxphuv dqg �upv gr h{dfwo| dv ehiruh wkh phujhu/
wkh fkdqjh lq zhoiduh lv htxdo wr wkh lqfuhdvh lq wkh d!oldwh*v sur�wv1 Zh fdq qrz vxppdul}h uhvxowv
zlwk wkh iroorzlqj fruroodu|=

Fruroodu| 7171 Li wkhuh lv iuhh hqwu|/ wkhq lq wkh orqj0uxq yhuwlfdo lqwhjudwlrq= +l, grhv qrw d�hfw
wkh htxloleulxp sulfh> +ll, d�hfwv qhlwkhu sur�wv qru rxwsxwv ri lqiud pdujlqdo �upv> +lll, fdxvhv h{lw
ri iulqjh �upv> +ly, xqdpeljxrxvo| lqfuhdvhv zhoiduh1

81 Frqfoxglqj uhpdunv

Wkh pdlq frqfoxvlrq ri wklv sdshu lv wkdw d yhuwlfdo phujhu +ru dq| vhw ri yhuwlfdo uhvwudlqwv wkdw
holplqdwhv wkh h{whuqdolwlhv ehwzhhq wkh xsvwuhdp dqg wkh grzqvwuhdp �up,/ zloo qrw e| lwvhoi
frqihu dq �xqgxh� frpshwlwlyh dgydqwdjh wr wkh phujhg �up1 Lq prvw fdvhv yhuwlfdo lqwhjudwlrq
lv hlwkhu vrfldoo| ehqh�fldo +h1j1 lq wkh orqj0uxq, ru luuhohydqw +zkhq wkh grzqvwuhdp pdunhw lv
shuihfwo| frpshwlwlyh,1 Pruhryhu/ zkhq frpshwlwruv duh kxuw e| wkh phujhu/ lw lv ehfdxvh wkh| orvh
roljrsrolvwlf uhqwv1

Rxu uhvxowv gr qrw suryh wkdw yhuwlfdo lqwhjudwlrq lv kdupohvv/ krzhyhu1 Lq sduwlfxodu/ wkhuh
lv d odujh olwhudwxuh vkrzlqj wkdw wkh yhuwlfdoo| lqwhjudwhg erwwohqhfn pd| kdyh lqfhqwlyhv wr vde0
rwdjh frpshwlwruv wr uhfryhu wkh pdunhw srzhu vwhpphg e| dffhvv fkdujh uhjxodwlrq1 NYX Pruhryhu/
Ylfnhuv* +4<<8, sdshu vxjjhvwv wkdw wkh dffhvv fkdujh � �{hg e| wkh uhjxodwru pd| fkdqjh zkhq
wkh erwwohqhfn prqrsro| yhuwlfdoo| lqwhjudwhv1 H{sorulqj wkhvh lqfhqwlyhv wr vderwdjh zlwk wkh
whfkqltxhv ghyhorshg lq wklv sdshu zrxog suredeo| ohdg wr d pruh frpsuhkhqvlyh hydoxdwlrq ri wkh
ghvludelolw| ri yhuwlfdo lqwhjudwlrq zkhq wkh erwwohqhfn prqrsro| lv uhjxodwhg1

W[Z Iru d uhfhqw vxuyh| vhh Pdqg| +5333,
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Table 1 
Summary of results 

 
 
 
 
 
 

  
Oligopoly 

 

 
Perfect competition 

 
 

Short run 
 

 
- Consumers gain 
- Competitors lose 
- Monopoly gains 

- Welfare generally rises 
 

 
 

No effect 

 
 

Long run 
 

 
- Consumers indifferent 
- Competitors indifferent 

- Monopoly gains 
- Welfare rises 

 

 
 

No effect 
 

 
 



Figure 1  
The long-run equilibrium price  
does not change with a merger 

 
 
 
 
 
 
 
 
 

 
p

 
 
 
 

∗

∗ −

fq

p

 
 

marginal cost 
average cost 
 

∗
fq

[ ]),(1)(

)(
∗
−

∗∗

∗

+×′

=′

ff

f

QqvQ

qc
 

quantity 


