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Abstract. Laboratory and ¯eld studies of time preference ¯nd that discount rates

are much greater in the short-run than in the long-run. Hyperbolic discount functions capture

this property. This paper presents simulations of the savings and asset allocation choices of

households with hyperbolic preferences. The behavior of the hyperbolic households is com-

pared to the behavior of exponential households. The hyperbolic households hold relatively

more illiquid wealth and relatively less liquid wealth. The hyperbolic households borrow much

more frequently in the revolving credit market. The hyperbolic households exhibit greater

consumption-income comovement and experience a greater drop in consumption around retire-

ment. Moreover, the hyperbolic simulations match observed consumption and balance sheet

data much better than the exponential simulations.
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�� YA|iNa�W|�NA

Rxu suhihuhqfhv iru wkh orqj0uxq whqg wr frq�lfw zlwk rxu vkruw0uxq ehkdylru1 Lq wkh orqj0uxq zh

lqwhqg wr fohdq rxu r�fhv pruh uhjxoduo|/ h{huflvh pruh iuhtxhqwo|/ dqg hdw pruh khdowkixoo|1 Exw

lq wkh vkruw0uxq zh kdyh olwwoh lqwhuhvw lq �olqj sdshuzrun/ mrjjlqj rq wkh vwdlupdvwhu/ dqg vnlsslqj

wkh fkrfrodwh vrx��h �d od prgh1 Ghod| ri judwl�fdwlrq lv d qlfh devwudfw jrdo/ exw lqvwdqwdqhrxv

judwl�fdwlrq lv glvfrqfhuwlqjo| whpswlqj1

Wklv jds ehwzhhq orqj0uxq lqwhqwlrqv dqg vkruw0uxq dfwlrqv lv dovr uh�hfwhg lq rxu vdylqjv

ghflvlrqv1 Iru h{dpsoh/ d 4<<: vxuyh| e| Sxeolf Djhqgd irxqg wkdw wkuhh txduwhuv ri uhvsrqghqwv

+:9(, eholhyh wkh| vkrxog eh vdylqj pruh iru uhwluhphqw1 Orrnlqj rqo| dw uhvsrqghqwv zkr eholhyhg

wkh| zhuh dw dq djh zkhuh _\rx vkrxog eh vhulrxvo| vdylqj douhdg|/% wkh vxuyh| irxqg wkdw 88(

uhsruwhg ehlqj _Ehklqg% lq wkhlu vdylqjv dqg rqo| 9( uhsruwhg ehlqj _Dkhdg% +Idundv dqg Mrkqvrq/

4<<:,1 Vxfk uhvxowv ohg wkh dxwkruv ri wkh Sxeolf Djhqgd uhsruw wr frqfoxgh/ _Wkh jdsv ehwzhhq

shrsoh*v dwwlwxghv/ lqwhqwlrqv/ dqg ehkdylru duh wurxeolqj dqg wkuhdwhq lqfuhdvhg lqvhfxulw| dqg

glvvdwlvidfwlrq iru shrsoh zkhq wkh| uhwluh1 Dphulfdqv duh vlpso| qrw grlqj zkdw orjlf � dqg

wkhlu rzq uhdvrqlqj � vxjjhvwv wkh| vkrxog eh grlqj1% D 4<<6 Oxqw} Zheehu2Phuulo O|qfk vxuyh|

irxqg vlplodu dqvzhuv zkhq lw dvnhg ede| errphuv _Zkdw shufhqwdjh ri |rxu dqqxdo krxvhkrog

lqfrph gr |rx wklqn |rx vkrxog vdyh iru uhwluhphqwB +cWdujhw vdylqj*,% dqg _Zkdw shufhqwdjh

ri |rxu dqqxdo krxvhkrog lqfrph duh |rx qrz vdylqj iru uhwluhphqwB +cDfwxdo vdylqj*,1% Wkh

phgldq uhsruwhg vkruw0idoo ehwzhhq wdujhw dqg dfwxdo vdylqj zdv 43( dqg wkh phdq jds zdv 4414(

+Ehuqkhlp 4<<8,1

Wklv vxuyh| hylghqfh uhvrqdwhv zlwk srsxodu dqg surihvvlrqdo �qdqfldo sodqqlqj dgylfh1 Il0

qdqfldo sodqqhuv fohduo| uhfrjql}h vhoi0frqwuro olplwv zkhq wkh| dgylvh frqvxphuv wr _xvh zkdwhyhu

phdqv srvvleoh wr uhpryh d vhw dprxqw ri prqh| iurp |rxu edqn dffrxqw hdfk prqwk ehiruh |rx

kdyh d fkdqfh wr vshqg lw1%� Dgylvhuv eholhyh wkdw frqvxphuv riwhq pdnh vdylqjv ghflvlrqv wkdw

wkh| duh wkhq lqfdsdeoh ri fduu|lqj rxw1 Frqvxphuv khhg wklv dgylfh/ vrphwlphv zloolqjo| iruh0

��i� vLh! A�4itc �vL�h �L?i)< UL*�4?c +@?!�? E�bb���
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jrlqj oltxlglw| hyhq lq wkh devhqfh ri kljkhu uhwxuqv1 Zlwkrxw lqyrnlqj vrph irup ri vhoi0frqwuro

sureohp/ lw lv qrw hdv| wr h{sodlq 43/333/333 Fkulvwpdv foxe dffrxqwv dqg lqwhqwlrqdo lqfrph wd{

ryhuzlwkkroglqj12

Krzhyhu/ lw lv gl�fxow wr grfxphqw frqylqflqjo| wkh lpsdfw ri vhoi0frqwuro sureohpv1 Pxfk

ri wkh hylghqfh ghvfulehg deryh lv hlwkhu dqhfgrwdo ru edvhg rq dwwlwxglqdo vxuyh| txhvwlrqv wkdw

duh kdug wr lqwhusuhw1 Doprvw doo pdlqvwuhdp hfrqrplf dqdo|vlv lv edvhg rq frqvxphu fkrlfhv/ qrw

frqvxphu dwwlwxghv derxw dpeljxrxv frqfhswv olnh _wdujhw vdylqj1%

Lq wklv sdshu zh surylgh qhz ehkdylrudo hylghqfh iru wkh uroh ri vhoi0frqwuro sureohpv1 Wr

vwuxfwxuh rxu h{sorudwlrq/ zh dgrsw d frqfhswxdo iudphzrun wkdw lqwhjudwhv d vwdqgdug hfrqrplf

wkhru| ri olihf|foh sodqqlqj dqg d sv|fkrorjlfdo prgho ri vhoi0frqwuro1 Wklv lqwhjudwhg prgho

dfklhyhv wzr jrdov1 Iluvw/ lw surylghv d sduvlprqlrxv irupdo iudphzrun lq zklfk wr txdqwlwdwlyho|

hydoxdwh wkh h�hfwv ri vhoi0frqwuro sureohpv1 Vhfrqg/ lw pdnhv whvwdeoh suhglfwlrqv derxw frqvxphu

fkrlfhv/ hqdeolqj xv wr uxq hpslulfdo kruvh udfhv ehwzhhq rxu vhoi0frqwuro prgho dqg wkh vwdqgdug

frqvxpswlrq prgho1

Zh exlog rxu iudphzrun rq wkuhh rujdql}lqj sulqflsohv1 Iluvw/ rxu prgho dgrswv wkh whfkqr0

orjlfdo dvvxpswlrqv ri pdlqvwuhdp frqvxpswlrq prghov olnh wkrvh ruljlqdoo| ghyhorshg e| Fduuroo

+4<<5/ 4<<:,/ Ghdwrq +4<<4,/ dqg ]hoghv +4<;<e,1 Wkhvh dxwkruv dvvxph vwrfkdvwlf lqfrph dqg

lqfrpsohwh pdunhwv � frqvxphuv fdq*w eruurz djdlqvw xqfhuwdlq ixwxuh oderu lqfrph1 Zh h{whqg

wklv olwhudwxuh doorzlqj frqvxphuv wr eruurz rq fuhglw fdugv1 Vhfrqg/ zh lqfoxgh d sduwldoo| looltxlg

dvvhw lq wkh frqvxphuv* phqx ri lqyhvwphqw rswlrqv1 Wklug/ zh dvvxph wkdw frqvxphuv kdyh d

vkruw0uxq suhihuhqfh iru lqvwdqwdqhrxv judwl�fdwlrq dqg d orqj0uxq suhihuhqfh wr dfw sdwlhqwo| �

_k|shuerolf% glvfrxqwlqj1

Vxfk k|shuerolf wlph suhihuhqfhv vhw xs d frq�lfw ehwzhhq wrgd|*v suhihuhqfhv dqg wkh suhihu0

hqfhv zklfk zloo eh khog lq wkh ixwxuh1 Iurp wrgd|*v shuvshfwlyh/ wkh glvfrxqw udwh ehwzhhq wzr

26Lh i��_i?Ui L? ��h�t|4@t U*�M �tic tii 5�44L?t �@h!i| +iti@hU� ��hi@� E�bbS�� 6Lh i��_i?Ui L? ��_itThi@_
L�ih��|��L*_�?}c i�i? �? |�i @Mti?Ui Lu �?_ih��|��L*_�?} Ti?@*|�itc tii 5�@T�hL @?_ 5*i4hL_ E�bbD��
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idu r� shulrgv/ w dqg w.4/ lv d orqj0whup orz glvfrxqw udwh1 Krzhyhu/ iurp wkh wlph w shuvshfwlyh/

wkh glvfrxqw udwh ehwzhhq w dqg w . 4 lv d vkruw0whup kljk glvfrxqw udwh1 Wklv w|sh ri suhihuhqfh

cfkdqjh* lv uh�hfwhg lq pdq| frpprq h{shulhqfhv1 Iru h{dpsoh/ wrgd| L pd| ghvluh wr fxw edfn

rq fuhglw fdug h{shqglwxuhv qh{w prqwk +l1h1/ dfw sdwlhqwo| lq wkh ixwxuh,/ exw zkhq qh{w prqwk

dfwxdoo| uroov durxqg p| wdvwh dw wkdw wlph zloo eh wr ixuwkhu srvwsrqh dq| vdful�fhv1

Khqfh/ k|shuerolf frqvxphuv zloo uhsruw d jds ehwzhhq zkdw wkh| ihho wkh| vkrxog vdyh dqg

zkdw wkh| dfwxdoo| vdyh1 Suhvfulswlyh vdylqj udwhv zloo olh deryh dfwxdo vdylqjv udwhv/ vlqfh vkruw0uxq

suhihuhqfhv iru lqvwdqwdqhrxv judwl�fdwlrq zloo xqghuplqh wkh frqvxphu*v h�ruw wr lpsohphqw orqj0

uxq rswlpdo sodqv1 Krzhyhu/ wkh k|shuerolf frqvxphu lv qrw grrphg wr idfh sryhuw| lq uhwluhphqw1

Looltxlg dvvhwv fdq khos wkh k|shuerolf frqvxphu frpplw khuvhoi wr wkh sdwlhqw/ zhoiduh0hqkdqflqj

frxuvh ri dfwlrq1 Khqfh/ wkh dydlodelolw| ri looltxlg dvvhwv ehfrphv d fulwlfdo ghwhuplqdqw ri krxvhkrog

vdylqjv dqg zhoiduh1 Krzhyhu/ wrr pxfk looltxlglw| fdq eh sureohpdwlf1 Frqvxphuv idfh vxevwdqwldo

xqlqvxudeoh oderu lqfrph ulvn/ dqg qhhg wr xvh oltxlg dvvhwv wr vprrwk wkhlu frqvxpswlrq1 K|shu0

erolf djhqwv vhhn dq lqyhvwphqw sruwirolr wkdw vwulnhv wkh uljkw edodqfh ehwzhhq frpplwphqw dqg

�h{lelolw|1

Lq wkh erg| ri wklv sdshu zh suhvhqw olihf|foh ex�hu vwrfn vlpxodwlrqv ri wkh vdylqjv dqg dv0

vhw doorfdwlrq fkrlfhv ri krxvhkrogv zlwk k|shuerolf suhihuhqfhv1 Wkh ehkdylru ri wkh k|shuerolf

krxvhkrogv lv frpsduhg wr wkh ehkdylru ri h{srqhqwldo krxvhkrogv1 Erwk vhwv ri krxvhkrogv duh

fdoleudwhg wr krog ohyhov ri suh0uhwluhphqw zhdowk wkdw pdwfk revhuyhg ohyhov ri zhdowk kroglqj lq

wkh Vxuyh| ri Frqvxphu Ilqdqfhv1 Ghvslwh wkh idfw wkdw rxu fdoleudwlrq lpsrvhv lghqwlfdo ohyhov

ri wrwdo zhdowk iru k|shuerolfv dqg h{srqhqwldov/ qxphurxv gl�huhqfhv ehwzhhq wkh suhglfwlrqv ri

wkhvh wzr w|shv ri prghov qhyhuwkhohvv dulvh1

Iluvw/ wkh k|shuerolf krxvhkrogv lqyhvw frpsdudwlyho| ohvv ri wkhlu zhdowk lq oltxlg dvvhwv1 Wkh|

krog uhodwlyho| orz ohyhov ri oltxlg zhdowk phdvxuhg hlwkhu dv d iudfwlrq ri oderu lqfrph ru dv d vkduh

ri wrwdo zhdowk1 Dqdorjrxvo|/ k|shuerolf krxvhkrogv dovr eruurz pruh djjuhvvlyho| lq wkh uhyroylqj

fuhglw pdunhw +l1h1/ rq fuhglw fdugv,1 Wkh orz ohyhov ri oltxlg zhdowk dqg kljk udwhv ri fuhglw
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fdug eruurzlqj jhqhudwhg e| k|shuerolf vlpxodwlrqv pdwfk hpslulfdo phdvxuhv iurp wkh VFI pxfk

ehwwhu wkdq wkh uhvxowv ri h{srqhqwldo vlpxodwlrqv1

Ehfdxvh wkh k|shuerolf krxvhkrogv kdyh orz ohyhov ri oltxlg dvvhwv dqg kljk ohyhov ri fuhglw fdug

ghew/ wkh| duh xqdeoh wr vprrwk wkhlu frqvxpswlrq sdwkv lq wkh suhvhqfh ri suhglfwdeoh fkdqjhv lq

lqfrph1 Zh xvh gdwd iurp rxu fdoleudwhg prghov dqg iurp wkh Sdqho Vwxg| ri Lqfrph G|qdplfv

wr uhjuhvv frqvxpswlrq jurzwk rq h{shfwhg lqfrph jurzwk1 Rxu fdoleudwhg k|shuerolf vlpxodwlrqv

jhqhudwh frh�flhqwv ri dssur{lpdwho| 3158/ yhu| forvh wr hpslulfdo frh�flhqwv hvwlpdwhg iurp wkh

SVLG1 E| frqwudvw/ rxu fdoleudwhg h{srqhqwldo vlpxodwlrqv jhqhudwh frpryhphqw frh�flhqwv ri rqo|

1361 Vlploduo|/ k|shuerolf vlpxodwlrqv jhqhudwh vxevwdqwldo gursv lq frqvxpswlrq durxqg uhwluhphqw/

pdwfklqj hpslulfdo hvwlpdwhv1 Wkh h{srqhqwldo vlpxodwlrqv idlo wr uhsolfdwh wklv sdwwhuq1 Doo lq

doo/ rxu dqdo|vlv vxjjhvwv wkdw wkh k|shuerolf ex�hu vwrfn prgho pdwfkhv revhuyhg frqvxpswlrq

gdwd ehwwhu wkdq wkh h{srqhqwldo ex�hu vwrfn prgho1

Wkh uhvw ri wkh sdshu vxevwdqwldwhv wkhvh fodlpv1 Lq vhfwlrq 5/ zh glvfxvv wkh k|shuerolf

glvfrxqw ixqfwlrq1 Lq vhfwlrq 6/ zh suhvhqw rxu ehqfkpdun prgho/ zklfk fdq dffrprgdwh hlwkhu

h{srqhqwldo ru k|shuerolf suhihuhqfhv1 Lq vhfwlrq 7 zh surylgh vrph dqdo|wlf uhvxowv wkdw khos xv

hydoxdwh wkh prgho*v suhglfwlrqv dqg surylgh lqwxlwlrq iru wkh vlpxodwlrqv wkdw iroorz1 Lq vhfwlrq

8 zh suhvhqw rxu vlpxodwlrq uhvxowv dqg hpslulfdo frpsdulvrqv1 Lq vhfwlrq 9 zh frqfoxgh1

4� Q+VjiON,�W $�tWN�A|�A}

Urehuw Vwurw} +4<89, �uvw vxjjhvwhg wkdw glvfrxqw udwhv duh kljkhu lq wkh vkruw0uxq wkdq lq wkh orqj0

uxq1 Doprvw hyhu| h{shulphqwdo vwxg| rq wlph suhihuhqfh kdv vxssruwhg klv frqmhfwxuh +Dlqvolh

4<<5,1 Zkhq wzr uhzdugv duh erwk idu dzd| lq wlph/ lq jhqhudo ghflvlrq0pdnhuv dfw uhodwlyho|

sdwlhqwo| +h1j1/ L suhihu wzr dssohv lq 434 gd|v/ udwkhu wkdq rqh dssoh lq 433 gd|v,1 Exw zkhq erwk

uhzdugv duh eurxjkw iruzdug lq wlph/ suhihuhqfhv h{klelw d uhyhuvdo/ ehfrplqj pxfk pruh lpsdwlhqw

+L suhihu rqh dssoh uljkw qrz/ udwkhu wkdq wzr dssohv wrpruurz,1� H{shulphqwv ri wklv irup kdyh

�A��t i @4T*i �t uhL4 A�@*ih E�bH���
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ehhq grqh zlwk d zlgh udqjh ri uhdo uhzdugv/ lqfoxglqj prqh|/ gxudeoh jrrgv/ iuxlw mxlfh/ vzhhwv/

ylghr uhqwdov/ uholhi iurp qr{lrxv qrlvh/ dqg dffhvv wr ylghr jdphv1e Vxfk uhyhuvdov vkrxog eh zhoo0

xqghuvwrrg e| hyhu|rqh zkr zlooixoo| vhwv wkh dodup forfn wkh qljkw ehiruh/ rqo| wr ryhuvohhs �

zlwk wkh khos ri wkh vqrr}h exwwrq � wkh pruqlqj diwhu1

Zkhq uhvhdufkhuv xvh vxemhfw fkrlfhv wr hvwlpdwh wkh vkdsh ri wkh glvfrxqw ixqfwlrq/ wkh hv0

wlpdwhv frqvlvwhqwo| dssur{lpdwh jhqhudol}hg k|shuerodv= hyhqwv � shulrgv dzd| duh glvfrxqwhg

zlwk idfwru +4 . ��,3�*k> zlwk �> � A 3 +Orhzhqvwhlq dqg Suhohf 4<<5,1D Iljxuh 4 judskv wkh

jhqhudol}hg k|shuerolf glvfrxqw ixqfwlrq zlwk sdudphwhuv � @ 7 dqg � @ 4= Iljxuh 4 dovr sorwv wkh

vwdqgdug h{srqhqwldo glvfrxqw ixqfwlrq/ �� > dvvxplqj � @ =<77 +wkh dqqxdo glvfrxqw idfwru xvhg lq

rxu vlpxodwlrqv,1

Lq dgglwlrq/ wkh �jxuh sorwv d wklug glvfrxqw ixqfwlrq/ zklfk Odlevrq +4<<:d, dgrswhg dv dq

dqdo|wlfdoo| wudfwdeoh dssur{lpdwlrq ri wkh jhqhudol}hg k|shuerolf glvfrxqw ixqfwlrq1 Wklv _txdvl0

k|shuerolf ixqfwlrq% lv d glvfuhwh wlph ixqfwlrq zlwk ydoxhv i4> � � �> � � �2> � � ��> = = =j1 Wklv ixqfwlrq

dssur{lpdwhv wkh vkdus vkruw0uxq gurs lq ydoxdwlrq lpsolhg e| wkh jhqhudol}hg k|shuerolf glvfrxqw

ixqfwlrq1 Wkh ��� ixqfwlrq zdv �uvw hpsor|hg e| Skhosv dqg Sroodn +4<9;,1S Krzhyhu/ wkhlu

xvh ri wklv vwuxfwxuh zdv prwlydwhg lq d gl�huhqw zd|1 Wkhlu dssolfdwlrq zdv rqh ri lpshuihfw

lqwhujhqhudwlrqdo dowuxlvp/ dqg wkh glvfrxqw idfwruv dsso| wr qrq0ryhuodsslqj jhqhudwlrqv ri d

g|qdvw|1 Iljxuh 4 sorwv wkh sduwlfxodu sdudphwhul}dwlrq/ � @ =: dqg � @ =<8: +wkh ydoxhv xvhg

lq rxu vlpxodwlrqv,1 Xvlqj dqqxdo shulrgv/ wkhvh sdudphwhu ydoxhv urxjko| pdwfk h{shulphqwdoo|

phdvxuhg glvfrxqwlqj sdwwhuqv1 Rqh |hdu glvfrxqw udwhv duh w|slfdoo| irxqg wr h{fhhg �
�
� 4��� �

� oq��1 E| frqwudvw/ orqj0krul}rq dqqxdol}hg glvfrxqw udwhv duh w|slfdoo| irxqg wr olh forvh wr

3 � 4� � � � oq � +Dlqvolh 4<<5,=

e5ii 5L*?�U! i| @* �bHfc A�@*ih �bH�c �@�@h�U! �bH2c ��**@h @?_ �@�@h�U! �bHec k�?} @?_ wL}�i �bH.c k�hM) @?_
Oihh?t|i�? �bbDc k�hM) @?_ �@h@!L��U �bbDc �bbSc k�hM) �bb.c +i@_ i| @* �bbS� 5ii ��?t*�i �bb2 uLh @ T@h|�@* hi��i�
Lu |��t *�|ih@|�hi� 5ii ��**�}@? �bb. uLh @ Uh�|�^�i�
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Doo irupv ri k|shuerolf suhihuhqfhv lqgxfh g|qdplf lqfrqvlvwhqf|1 Frqvlghu wkh glvfuhwh0wlph

txdvl0k|shuerolf ixqfwlrq1 Qrwh wkdw wkh glvfrxqw idfwru ehwzhhq dgmdfhqw shulrgv q dqg q . 4

uhsuhvhqwv wkh zhljkw sodfhg rq xwlov dw wlph q . 4 uhodwlyh wr wkh zhljkw sodfhg rq xwlov dw wlph

q1 Iurp wkh shuvshfwlyh ri vhoi w/ wkh glvfrxqw idfwru ehwzhhq shulrgv w dqg w . 4 lv ��> exw wkh

glvfrxqw idfwru wkdw dssolhv ehwzhhq dq| wzr odwhu shulrgv lv �= Vlqfh zh wdnh � wr eh ohvv wkdq rqh/

wklv lpsolhv d vkruw0whup glvfrxqw idfwru wkdw lv ohvv wkdq wkh orqj0whup glvfrxqw idfwru1. Iurp wkh

shuvshfwlyh ri vhoi w. 4/ �� lv wkh uhohydqw glvfrxqw idfwru ehwzhhq shulrgv w. 4 dqg w. 51 Khqfh/

vhoi w dqg vhoi w . 4 glvdjuhh derxw wkh ghvluhg ohyho ri sdwlhqfh zklfk vkrxog eh xvhg wr wudghr�

uhzdugv lq shulrgv w. 4 dqg w. 5=

Ehfdxvh ri wklv g|qdplf lqfrqvlvwhqf|/ wkh k|shuerolf frqvxphu lv lqyroyhg lq d ghflvlrq zklfk

kdv lqwud0shuvrqdo vwudwhjlf glphqvlrqv1 Hduo| vhoyhv zrxog olnh wr frpplw odwhu vhoyhv wr krqru

wkh suhihuhqfhv ri wkrvh hduo| vhoyhv1 Odwhu vhoyhv gr wkhlu ehvw wr pd{lpl}h wkhlu rzq lqwhuhvwv1

Hfrqrplvwv kdyh prghoohg wklv vlwxdwlrq dv dq lqwud0shuvrqdo jdph sod|hg dprqj wkh frqvxphu*v

whpsrudoo| vlwxdwhg vhoyhv +Vwurw} 4<89,1 Uhfhqwo|/ k|shuerolf glvfrxqw ixqfwlrqv kdyh ehhq xvhg

wr h{sodlq d zlgh udqjh ri dqrpdorxv hfrqrplf fkrlfhv/ lqfoxglqj surfudvwlqdwlrq/ frqwudfw gh0

vljq/ guxj dgglfwlrq/ vhoi0ghfhswlrq/ uhwluhphqw wlplqj/ dqg xqghuvdylqj1H Zh irfxv khuh rq wkh

lpsolfdwlrqv iru olihf|foh vdylqjv ghflvlrqv1

Lq wkh vhfwlrqv wkdw iroorz/ zh dqdo|vh wzr yhuvlrqv ri wkh k|shuerolf prgho ~ vrsklvwlfdwhv dqg

qdliv1 Wkh vrsklvwlfdwhg k|shuerolf frqvxphuv fruuhfwo| suhglfw wkdw odwhu vhoyhv zloo qrw krqru wkh

suhihuhqfhv ri hduo| vhoyhv1 E| frqvwudvw/ wkh qdli frqvxphuv pdnh fxuuhqw fkrlfhv xqghu wkh idovh

eholhi wkdw odwhu vhoyhv zloo dfw lq wkh lqwhuhvwv ri wkh fxuuhqw vhoi1 Wkh qdli dvvxpswlrq zdv �uvw

sursrvhg e| Vwurw} +4<89, dqg kdv ehhq fduhixoo| vwxglhg e| Dnhuori +4<<4, dqg R*Grqrjkxh dqg

Udelq +4<<:d/ 4<<:e,1

.�L|i |�@| @ _�tUL�?| u@U|Lhc t@) wc �t �?�ihti*) hi*@|i_ |L |�i _�tUL�?| h@|ic 3 *? w�
H6Lh i @4T*ic tii �!ih*Lu E�bb��c �@hhL E�bb.�c �i?@ML� @?_ A�hL*i E2fff�c �@h�**L @?_ �@hh�L||� E2fff�c #�@4L?_

@?_ kLt3i}� E�bbH�c w@�MtL? E�bbec�bbSc�bb.@�c �<#L?L}��i @?_ +@M�? E�bb.@c �bb.M��
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� �Naj,

Zh dqdo|}h d vshfldo fdvh ri wkh prgho ghyhorshg lq Odlevrq/ Uhshwwr dqg Wredfpdq +5333,/ khuh0

diwhu OUW1 Wklv prgho lv edvhg rq wkh vlpxodwlrq olwhudwxuh slrqhhuhg e| Fduuroo +4<<5/ 4<<:,/

Ghdwrq +4<<4,/ dqg ]hoghv +4<;<e, dqg h{whqghg e| Kxeedug/ Vnlqqhu/ dqg ]hoghv +4<<7/ 4<<8,/ Hq0

jhq/ Jdoh/ dqg Vfkro} +4<<7,/ Jrxulqfkdv dqg Sdunhu +4<<<,/ dqg Odlevrq/ Uhshwwr dqg Wredfpdq

+4<<;,1

Wkh OUW +5333, prgho lqfrusrudwhv prvw ri wkh ihdwxuhv ri suhylrxv olihf|foh vlpxodwlrq prghov

dqg dggv qhz ihdwxuhv/ lqfoxglqj fuhglw fdugv/ wlph0ydu|lqj krxvhkrog vl}h/ dqg looltxlg dvvhwv1

Zh glylgh wkh fxuuhqw suhvhqwdwlrq ri wkh prgho lqwr vl{ grpdlqv= 4, ghprjudsklfv/ 5, lqfrph

iurp wudqvihuv dqg zdjhv/ 6, looltxlg dvvhwv/ oltxlg dvvhwv/ dqg qrq0froodwhudol}hg ghew/ 7, exgjhw

frqvwudlqwv/ 8, suhihuhqfhv/ dqg 9, htxloleulxp1 D pruh jhqhudo yhuvlrq ri wkh prgho dsshduv lq

OUW +5333,/ zklfk dovr lqfoxghv d suhflvh ghvfulswlrq ri wkh hpslulfdo fdoleudwlrq ri wkh prgho1b

Zh vxppdul}h wkrvh fdoleudwlrq ghflvlrqv ehorz/ exw uhihu lqwhuhvwhg uhdghuv wr OUW +5333, iru wkh

ghwdlov1 Prvw ri rxu fdoleudwlrq ghflvlrqv duh vwdqgdug iru wkh frqvxpswlrq olwhudwxuh h{fhsw iru

rxu fdoleudwlrq ri suhihuhqfhv/ zklfk lv glvfxvvhg lq wkh vhfrqg wr odvw vxevhfwlrq ehorz1

6141 Ghprjudsklfv1 Zh suhvhqw uhvxowv iru krxvhkrogv zkrvh khdg kdv d kljk vfkrro glsorpd

dqg grhv qrw kdyh dq| pruh dgydqfhg ghjuhh1 Vxfk krxvhkrogv uhsuhvhqw urxjko| 85( ri doo XV

krxvhkrogv1 Iru frpsdulvrq/ derxw 59( ri krxvhkrog khdgv gr qrw kdyh d kljk vfkrro glsorpd/

dqg 55( ri krxvhkrog khdgv kdyh d froohjh ghjuhh1 Zh kdyh uhsolfdwhg rxu dqdo|vlv iru krxvhkrogv

lq wkhvh rwkhu hgxfdwlrqdo fdwhjrulhv/ dqg wkh frqfoxvlrqv duh txdqwlwdwlyho| vlplodu +OUW 5333,1

Krxvhkrogv idfh d wlph0ydu|lqj/ h{rjhqrxv kd}dug udwh ri vxuylydo v|> zkhuh w lqgh{hv djh1

Vxuylydo udwhv duh wdnhq iurp wkh olih wdeohv ri wkh X1V1 Qdwlrqdo Fhqwhu iru Khdowk Vwdwlvwlfv

+4<<6,1

Krxvhkrogv olyh iru d pd{lpxp ri W . Q shulrgv/ zkhuh W dqg Q duh h{rjhqrxv yduldeohv

bA��t 4Lhi }i?ih@* 4L_i* @**L�t UL?t�4iht |L _iU*@hi M@?!h�T|U) @?_ @**L�t |�i UL?t�4ih |L MLhhL� @}@�?t|
�**�^��_ UL**@|ih@* Ei�}�c 4Lh|}@}it L? �L�t�?}��
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wkdw uhsuhvhqw uhvshfwlyho| wkh pd{lpxp ohqjwk ri suh0uhwluhphqw olih dqg wkh pd{lpxp ohqjwk ri

uhwluhphqw1 Zh dvvxph wkdw lqghshqghqw hfrqrplf olih ehjlqv dw djh 53/ dqg wkdw frqvxphuv olyh

iru d pd{lpxp ri <3 |hduv +W .Q,1 Li d krxvhkrog lv dolyh dw djh 53 � w � W> wkhq wkh krxvhkrog

lv lq wkh zrunirufh1 Li d krxvhkrog lv dolyh dw djh W ? w � W .Q> wkhq wkh krxvhkrog lv uhwluhg1

Wr fdofxodwh wkh w|slfdo uhwluhphqw djh zh orrn dw krxvhkrogv wkdw h{shulhqfhg d wudqvlwlrq lqwr

uhwluhphqw lq wkh Sdqho Vwxg| ri Lqfrph G|qdplfv +xvlqj wkh Ehuqkhlp hw do/ 4<<:/ gh�qlwlrq ri

uhwluhphqw,1 Zh �qg wkdw wkh phdq djh dw zklfk krxvhkrogv zlwk rqo| d kljk vfkrro glsorpd ehjlq

uhwluhphqw lv djh 96/ dqg khqfh zh vhw W @ 961

Zh dvvxph wkdw krxvhkrog frpsrvlwlrq � qxpehu ri dgxowv dqg qrq0dgxowv � ydulhv ryhu wkh

olih0f|foh1 Krxvhkrogv dozd|v frqwdlq d krxvhkrog khdg dqg d vsrxvh/ exw wkh qxpehu ri dgxow dqg

qrq0dgxow ghshqghqwv ydulhv1 Wr fdoleudwh wkh djh0ydu|lqj qxpehu ri ghshqghqwv/ zh xvh wkh SVLG

dqg frqglwlrq rq krxvhkrogv zlwk d khdg dqg d vsrxvh1 Wr frqvwuxfw wkh suhglfwhg olih0f|foh sur�oh

ri krxvhkrog vl}h/ zh vprrwk wkh revhuyhg sur�ohv ri ghshqghqw fkloguhq dqg ghshqghqw dgxowv1

Iroorzlqj Eoxqghoo hw do +4<<7,/ zh gh�qh h�hfwlyh krxvhkrog vl}h dv wkh qxpehu ri dgxowv soxv

317 wlphv wkh qxpehu ri fkloguhq1 Zh dvvxph wkdw wkh wrwdo qxpehu ri dgxowv lv htxdo wr wzr +khdg

dqg vsrxvh, soxv wkh qxpehu ri suhglfwhg ghshqghqw dgxowv1 Rxu suhglfwhg phdvxuh ri h�hfwlyh

krxvhkrog vl}h h{klelwv d kxps vkdsh sdwwhuq/ zlwk d shdn dw djh 7:1

6151 Lqfrph iurp wudqvihuv dqg zdjhv1 Ohw \| uhsuhvhqw doo diwhu0wd{ lqfrph iurp wudqvihuv

dqg zdjhv1 Khqfh/ \| lqfoxghv oderu lqfrph/ lqkhulwdqfhv/ sulydwh gh�qhg0ehqh�w shqvlrqv/ dqg doo

jryhuqphqw wudqvihuv1 Vlqfh zh dvvxph oderu lv vxssolhg lqhodvwlfdoo|/ \| lv h{rjhqrxv1 Ohw || �

oq+\|,= Zh uhihu wr || dv _oderu lqfrph/% wr vlpsoli| h{srvlwlrq1 Gxulqj zrunlqj olih +53 � w � W ,=

|| @ i` +w, . x| . �`| +4,
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zkhuh i` +w, lv d fxelf sro|qrpldo lq djh/ x| lv dq dxwrfruuhodwhg surfhvv +DU4,/ dqg �`| lv llg dqg

qrupdoo| glvwulexwhg/ Q+3> �2Dc` ,= Gxulqj uhwluhphqw +W ? w � W .Q,=

|| @ i-+w, . �-| +5,

zkhuh i-+w, lv olqhdu lq djh/ dqg �-| lv llg dqg qrupdoo| glvwulexwhg/ Q+3> �2Dc-,=

Wkhvh lqfrph surfhvvhv duh hvwlpdwhg zlwk gdwd iurp wkh Sdqho Vwxg| ri Lqfrph G|qdplfv1

Zh lqfoxgh krxvhkrog �{hg h�hfwv/ idplo| vl}h/ frkruw h�hfwv/ dqg vwdwh0ohyho xqhpsor|phqw udwhv

dv dgglwlrqdo frqwuro yduldeohv1 Rxu hvwlpdwhg sdudphwhu ydoxhv duh doprvw lghqwlfdo wr wkh ydoxhv

uhsruwhg e| Kxeedug hw do +4<<7,/ zkr hvwlpdwh dq lghqwlfdo diwhu0wd{ lqfrph surfhvv1

6161 Looltxlg dvvhwv/ oltxlg dvvhwv/ dqg qrq0froodwhudol}hg ghew1 Ohw ]| uhsuhvhqw looltxlg

dvvhw kroglqjv dw djh w= Wkh looltxlg dvvhw jhqhudwhv wzr vrxufhv ri uhwxuqv= fdslwdo jdlqv dqg

frqvxpswlrq �rzv1 Zh dvvxph wkdw lq doo shulrgv ] lv erxqghg ehorz e| }hur/ vr ]| � 31 Wkh

oltxlgdwlrq ri wklv dvvhw jhqhudwhv wudqvdfwlrq frvwv/ zklfk duh ghvfulehg ehorz1

Ohw [| uhsuhvhqw oltxlg dvvhw kroglqjv dw wkh ehjlqqlqj ri shulrg w/ h{foxglqj fxuuhqw oderu

lqfrph1 Vr [| . \| uhsuhvhqwv wrwdo oltxlg dvvhw kroglqjv dw wkh ehjlqqlqj ri shulrg w= Wr prgho

qrq0froodwhudol}hg eruurzlqj � l1h1/ fuhglw fdug eruurzlqj � zh shuplw [| wr olh ehorz }hur/ exw

zh lqwurgxfh d fuhglw olplw htxdo wr vrph iudfwlrq ri fxuuhqw +dyhudjh, lqfrph

[| � �� � �\|

zkhuh �\| lv dyhudjh lqfrph dw djh w1 Zh fdoleudwh wkh fuhglw olplw � � �\| xvlqj dfwxdo fuhglw olplwv

uhsruwhg lq wkh 4<<8 VFI/ vhwwlqj � @ =631

6171 G|qdplf dqg zlwklq0shulrg exgjhw frqvwudlqwv1 Ohw Lf| uhsuhvhqw qhw lqyhvwphqw

lqwr wkh oltxlg dvvhw [ gxulqj shulrg w1 Ohw L~| uhsuhvhqw qhw lqyhvwphqw lqwr wkh looltxlg dvvhw ]
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gxulqj shulrg w1 Khqfh wkh g|qdplf exgjhw frqvwudlqwv duh jlyhq e|/

[|n� @ Uf � +[| . Lf| , +6,

]|n� @ U~ � +]| . L~| , +7,

zkhuh Uf dqg U~ duh wkh jurvv uhdo diwhu0wd{ lqwhuhvw udwhv/ uhvshfwlyho|/ rq oltxlg zhdowk dqg

looltxlg zhdowk1 Zh dvvxph wkdw wkh lqwhuhvw udwh rq oltxlg zhdowk ghshqgv rq zkhwkhu wkh frqvxphu

lv eruurzlqj ru vdylqj lq khu oltxlg dffrxqwv1 Zh lqwhusuhw oltxlg eruurzlqj dv fuhglw fdug ghew1

Uf @

;AA?
AA=

U�� li [| . Lf| ? 3

U li [| . Lf| A 3

=

Qdwxudoo|/ U�� lv wkh lqwhuhvw udwh rq fuhglw fdug ghew/ dqg U uhsuhvhqwv wkh lqwhuhvw udwh rq srvlwlyh

vwrfnv ri oltxlg zhdowk1 Wkh zlwklq0shulrg exgjhw frqvwudlqw lv=

F| @ \| � Lf| � L~| � #+L~| ,>

zkhuh #+L~| , lv wkh wudqvdfwlrq frvw rq wkh vdoh ri ]1 Khqfh/ wkh vwdwh yduldeohv dw wkh ehjlqqlqj

ri shulrg w duh oltxlg zhdowk +[| . \|,/ looltxlg zhdowk +]|,/ dqg wkh ydoxh ri wkh Pdunry surfhvv

+x|,= Wkh fkrlfh yduldeohv duh qhw lqyhvwphqw lq oltxlg zhdowk +Lf| , dqg qhw lqyhvwphqw lq looltxlg

zhdowk +L~| ,= Frqvxpswlrq lv fdofxodwhg dv d uhvlgxdo1

Zh vhw wkh ydoxh ri wkh diwhu0wd{ uhdo uhwxuq rq oltxlg vdylqjv/ U � 4> htxdo wr 136:8 +61:8

shufhqwdjh srlqwv,1 Wklv dvvxphv wkdw oltxlg dvvhwv duh lqyhvwhg lq d glyhuvl�hg sruwirolr ri vwrfnv

dqg erqgv +2
�
vwrfnv dqg �

�
erqgv,/ dqg wkdw wkh h�hfwlyh wd{ udwh rq uhdo uhwxuqv lv 58(1

Zh vhw wkh uhdo uhwxuq rq fuhglw fdug ordqv/ U�� � 4/ wr 3143:8/ wkuhh shufhqwdjh srlqwv ehorz

wkh phdq ghew0zhljkwhg uhdo lqwhuhvw udwh phdvxuhg e| wkh Ihghudo Uhvhuyh Erdug1 Zh gr wklv wr

lpsolflwo| fdswxuh wkh h�hfw ri edqnuxswf|1 Dfwxdo dqqxdo edqnuxswf| udwhv ri urxjko| rqh shufhqw
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shu |hdu lpso| wkdw wkh h�hfwlyh lqwhuhvw udwh lv dw ohdvw rqh shufhqwdjh srlqw ehorz wkh revhuyhg

lqwhuhvw udwh1

Zh vhw wkh uhdo uhwxuq rq looltxlg dvvhwv wr 3/ exw dvvxph wkdw looltxlg dvvhwv jhqhudwh d frq0

vxpswlrq �rz htxdo wr 8133 shufhqw ri wkh ydoxh ri wkh looltxlg dvvhw1 Khqfh/ looltxlg dvvhwv kdyh

wkh vdph suh0wd{ jurvv uhwxuq dv oltxlg dvvhwv/ exw looltxlg dvvhwv jhqhudwh frqvxpswlrq �rzv wkdw

duh e|0dqg0odujh qrw wd{hg +h1j1/ krxvlqj,1 Khqfh/ wkh _diwhu0wd{% uhwxuq rq looltxlg dvvhwv lv

frqvlghudeo| kljkhu wkdq wkh diwhu0wd{ uhwxuq rq rwkhu dvvhwv1

Zh dvvxph dq h{wuhph irup ri wudqvdfwlrq frvwv=

#+L~, @

;AA?
AA=

3 li L~ A 3

'43> 333 . +=43, � L~ li L~ � 3

=

Lq rwkhu zrugv/ sxufkdvhv ri wkh looltxlg dvvhw jhqhudwh qr wudqvdfwlrq frvwv/ exw vdohv jhqhudwh d

'43/333 �{hg frvw dqg d 143 sursruwlrqdo frvw1 Wkhvh frvwv zhuh fkrvhq wr pdwfk wkrvh wkdw dulvh

lq uhdo hvwdwh wudqvdfwlrqv/ lqfoxglqj eurnhudjh frpplvvlrqv/ ohjdo ihhv/ edqn ihhv/ prylqj frvwv/

dqg vhdufk frvwv1

6181 Suhihuhqfhv1 Zh dvvxph wkdw wkh glvfrxqw ixqfwlrq lv txdvl0k|shuerolf +��|,1 Wr dqdo|}h

wkh ghflvlrqv ri dq djhqw zlwk g|qdplfdoo| lqfrqvlvwhqw suhihuhqfhv/ zh pxvw vshfli| wkh suhihuhqfhv

ri doo ri wkh whpsrudoo| glvwlqfw vhoyhv1 Zh lqgh{ wkhvh vhoyhv e| wkhlu olihf|foh srvlwlrq/ w 5

i53> 54> ===> W .Q � 4> W .Qj= Vhoi w kdv lqvwdqwdqhrxv sd|r� ixqfwlrq

x+F|> ]|> q|, @ q| �
�
�|n�~|

?|

��34 � 4

4� �

dqg frqwlqxdwlrq sd|r�v jlyhq e|=

�
An�3|[
�'�

��
�
��3�
�'�v|n�

�
^v|n� � x+F|n�> ]|n�> q|n�, . +4� v|n�, �E+[|n�> ]|n�,` = +8,
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Qrwh wkdw q| lv wkh h�hfwlyh krxvhkrog vl}h/

q| @ +^& dgxowv|` . �^& ri fkloguhq|`,>

zkhuh � lv wkh dgxow0htxlydohqfh zhljkw rq fkloguhq/ � lv wkh frh�flhqw ri uhodwlyh ulvn dyhuvlrq/

�]| uhsuhvhqwv wkh frqvxpswlrq �rz jhqhudwhg e| ]|> v|n� lv wkh suredelolw| ri vxuylylqj wr djh

w . 4 frqglwlrqdo rq ehlqj dolyh dw djh w/ dqg E+�, uhsuhvhqwv wkh sd|r� lq wkh ghdwk vwdwh/ zklfk

lqfrusrudwhv d ehtxhvw prwlyh1�f Wkh �uvw h{suhvvlrq lq wkh eudfnhwhg whup lq Htxdwlrq 8 uhsuhvhqwv

xwlolw| �rzv wkdw dulvh lq shulrg w. l li wkh krxvhkrog vxuylyhv wr djh w. l= Wkh vhfrqg h{suhvvlrq

lq wkh eudfnhwhg whup uhsuhvhqwv whuplqdwlrq sd|r�v lq shulrg w . l zklfk dulvh li wkh krxvhkrog

glhv ehwzhhq shulrg w. l� 4 dqg w. l1

Zh dgrsw d xwlolw| ixqfwlrq zlwk d frqvwdqw frh�flhqw ri uhodwlyh ulvn dyhuvlrq1 Lq rxu ehqfkpdun

fdoleudwlrq zh vhw wkh frh�flhqw ri uhodwlyh ulvn dyhuvlrq/ �> htxdo wr wzr/ d ydoxh zklfk olhv lq

wkh plggoh ri wkh udqjh ri ydoxhv wkdw duh frpprqo| xvhg lq wkh frqvxpswlrq olwhudwxuh +l1h1/

� 5 ^=8> 8`,1��

Lq Vhfwlrq 8 zh vlpxodwh h{srqhqwldo dqg k|shuerolf krxvhkrogv1 Lq wkhvh vlpxodwlrqv zh

dvvxph wkdw wkh hfrqrp| lv hlwkhu srsxodwhg h{foxvlyho| e| h{srqhqwldo krxvhkrogv +l1h1/ � @ 4,

ru h{foxvlyho| e| k|shuerolf krxvhkrogv +hlwkhu vrsklvwlfdwhv ru qdliv,/ zklfk zh prgho e| vhwwlqj

� @ =:1 Zh vhw � lq dffrugdqfh zlwk wkh h{shulphqwdo hylghqfh glvfxvvhg lq Vhfwlrq 51

Kdylqj �{hg doo ri wkh rwkhu sdudphwhuv/ zh duh ohiw zlwk rqh iuhh sdudphwhu lq rxu h{srqhqwldo

vlpxodwlrqv/ �i TL?i?|�@*/ rqh iuhh sdudphwhu lq rxu k|shuerolf0vrsklvwlfdwh vlpxodwlrqv/ ��)TihML*�U/

dqg rqh iuhh sdudphwhu lq rxu qdli vlpxodwlrqv/ �?@�u1 Lq rxu vlpxodwlrqv zh slfn wkh ydulrxv � ydoxhv

vr wkdw rxu vlpxodwlrqv uhsolfdwh wkh dfwxdo ohyho ri suh0uhwluhphqw zhdowk kroglqjv1 Vshfl�fdoo|/ zh

fdoleudwh � vxfk wkdw wkh vlpxodwhg phgldq udwlr ri wrwdo zhdowk wr lqfrph iru lqglylgxdov ehwzhhq

�f5ii w+A E2fff� uLh _i|@�*t L? |�i UL?t|h�U|�L? Lu |�i Mi^�it| T@)Lg u�?U|�L?�
��5ii w@�MtL?c +iTi||Lc @?_ ALM@U4@? E�bbH� uLh @ _i|@�*i_ _�tU�tt�L? Lu U@*�Mh@|�L? Lu 4c @?_ @? @h}�4i?| |�@|

4 �t U*Ltih |L �D |�@? |L D�
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djhv 83 dqg 8< pdwfkhv wkh dfwxdo phgldq lq wkh gdwd +VFI,1 Zkhq zh frqvwuxfw wrwdo zhdowk iurp

wkh VFI/ zh lqfoxgh oltxlg dvvhwv +fkhfnlqj dffrxqwv/ vdylqjv dffrxqwv/ prqh| pdunhw dffrxqwv/

fdoo dffrxqwv/ FG*v/ erqgv/ vwrfnv/ pxwxdo ixqgv/ fdvk/ ohvv fuhglw fdug ghew,/ dqg looltxlg dvvhwv

+LUD*v/ gh�qhg frqwulexwlrq shqvlrq sodqv/ olih lqvxudqfh/ wuxvwv/ dqqxlwlhv/ yhklfohv/ krph htxlw|/

uhdo hvwdwh/ exvlqhvv htxlw|/ mhzhou|2ixuqlwxuh2dqwltxhv/ krph gxudeohv/ ohvv hgxfdwlrq ordqv,1 Zh

gr qrw lqfoxgh gh�qhg ehqh�w shqvlrq zhdowk/ vxfk dv fodlpv rq wkh Vrfldo Vhfxulw| V|vwhp1 Zkhq

zh phdvxuh wrwdo zhdowk lq rxu vlpxodwlrqv/ zh dgg= [ .] . t
2e
> zkhuh [ uhsuhvhqwv oltxlg dvvhwv

+h{foxglqj fxuuhqw oderu lqfrph,/ ] uhsuhvhqwv looltxlg dvvhwv/ dqg \ uhsuhvhqwv dqqxdo diwhu0wd{

oderu lqfrph1 Wkh odvw whup lv lqfoxghg wr uh�hfw dyhudjh fdvk0lqyhqwrulhv xvhg iru +frqwlqxrxv,

frqvxpswlrq1 Li oderu lqfrph lv sdlg lq htxdo prqwko| lqvwdoophqwv/ t
�2
/ dqg frqvxpswlrq lv

vprrwko| vsuhdg ryhu wlph/ wkhq dyhudjh fdvk lqyhqwrulhv zloo eh t
2e
1

Wkh VFI gdwd lv wdnhq iurp wkh 4<;6/ 4<;</ 4<<5/ dqg 4<<8 vxuyh|v1 Zh pdwfk wkh phdq ri

wkh phgldqv dfurvv wkrvh irxu |hduv ri vxuyh|v1 Wkh phdq phgldq udwlr ri qhw zhdowk wr lqfrph

iru lqglylgxdov ehwzhhq djhv 83 dqg 8< lv 615 iru krxvhkrogv zkrvh khdg*v kljkhvw hgxfdwlrqdo

dwwdlqphqw lv d kljk vfkrro hgxfdwlrq1

Wkh glvfrxqw idfwruv wkdw uhsolfdwh wklv zhdowk wr lqfrph udwlr duh 1<76: iru wkh h{srqhqwldo

prgho/ 1<8:4 iru wkh vrsklvwlfdwhg k|shuerolf prgho/ dqg 1<7<8 iru wkh qdli prgho1 Vlqfh k|shuerolf

frqvxphuv kdyh wzr vrxufhv ri glvfrxqwlqj � � dqg � � wkh k|shuerolf �*v pxvw eh kljkhu wkdq wkh

h{srqhqwldo �*v1 Uhfdoo wkdw wkh k|shuerolf dqg h{srqhqwldo glvfrxqw ixqfwlrqv duh fdoleudwhg wr

jhqhudwh wkh vdph dprxqw ri suh0uhwluhphqw zhdowk dffxpxodwlrq1 Lq wklv pdqqhu zh _htxdol}h% wkh

xqghuo|lqj zloolqjqhvv wr vdyh ehwzhhq wkh h{srqhqwldo dqg k|shuerolf frqvxphuv1 Wkh fdoleudwhg

orqj0whup glvfrxqw idfwruv duh vhqvleoh zkhq frpsduhg wr glvfrxqw idfwruv wkdw kdyh ehhq xvhg lq

vlplodu h{huflvhv e| rwkhu dxwkruv1 Ilqdoo|/ qrwh wkdw wkhvh glvfrxqw idfwruv gr qrw lqfoxgh pruwdolw|

h�hfwv zklfk uhgxfh wkh uhvshfwlyh glvfrxqw idfwruv e| dq dgglwlrqdo rqh shufhqw rq dyhudjh shu

|hdu1
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6191 Htxloleulxp1 Zkhq � ? 4 wkh krxvhkrog kdv g|qdplfdoo| lqfrqvlvwhqw suhihuhqfhv/ dqg

khqfh wkh frqvxpswlrq sureohp fdqqrw eh wuhdwhg dv d vwudljkwiruzdug g|qdplf rswlpl}dwlrq sure0

ohp1 Li wkh frqvxphu lv vrsklvwlfdwhg/ vkh zloo uhdol}h wkdw odwh vhoyhv zloo qrw lpsohphqw wkh srolflhv

wkdw duh rswlpdo iurp wkh shuvshfwlyh ri hduo| vhoyhv1

Iroorzlqj wkh zrun ri Vwurw} +4<89,/ zh prgho d vrsklvwlfdwhg frqvxphu dv d vhtxhqfh ri udwlrqdo

sod|huv lq dq lqwud0shuvrqdo jdph1 Vhoyhv i53> 54> ===> W .Q�4> W .Qj duh wkh sod|huv lq wklv jdph1

Wdnlqj wkh vwudwhjlhv ri rwkhu vhoyhv dv jlyhq/ vhoi w slfnv d vwudwhj| iru wlph w wkdw lv rswlpdo iurp

lwv shuvshfwlyh1 Wklv vwudwhj| lv d pdsslqj iurp wkh +Pdunry, vwdwh yduldeohv/ iw/ [ . \ / ]> xj/

wr wkh qrq0uhgxqgdqw fkrlfh yduldeohv iLf > L~j1 Dq htxloleulxp lv d �{hg srlqw lq wkh vwudwhj|

vsdfh/ vxfk wkdw doo vwudwhjlhv duh rswlpdo jlyhq wkh vwudwhjlhv ri wkh rwkhu sod|huv1 Zh vroyh iru

wkh htxloleulxp vwudwhjlhv xvlqj d qxphulfdoo| lpsohphqwhg edfnzdugv lqgxfwlrq dojrulwkp1

Zh dovr frqvlghu wkh fdvh zkhuh hduo| k|shuerolf vhoyhv plvwdnhqo| h{shfw odwhu vhoyhv wr krqru

wkh suhihuhqfhv ri wkh hduo| vhoyhv1 Wklv lv wkh qdli fdvh/ glvfxvvhg deryh1 Vxfk qdliv kdyh rswlplvwlf

iruhfdvwv lq wkh vhqvh wkdw wkh| eholhyh wkdw ixwxuh vhoyhv zloo fduu| rxw wkh zlvkhv ri wkh fxuuhqw

vhoi1 Xqghu wklv eholhi/ wkh fxuuhqw vhoi frqvwuxfwv wkh vhtxhqfh ri dfwlrqv wkdw pd{lpl}hv wkh

suhihuhqfhv ri wkh fxuuhqw vhoi1 Wkh fxuuhqw vhoi wkhq lpsohphqwv wkh �uvw dfwlrq lq wkdw vhtxhqfh/

h{shfwlqj ixwxuh vhoyhv wr lpsohphqw wkh uhpdlqlqj dfwlrqv1 Ri frxuvh/ wkrvh ixwxuh vhoyhv frqgxfw

wkhlu rzq rswlpl}dwlrq dqg lpsohphqw srwhqwldoo| frq�lfwlqj dfwlrqv1

Lq wkh glvfxvvlrqv ehorz zh hpskdvl}h glvfxvvlrq ri wkh vwdqgdug h{srqhqwldo fdvh +�� ,> dqg wkh

vrsklvwlfdwhg k|shuerolf fdvh +��� > zlwk udwlrqdo eholhiv derxw ixwxuh vhoyhv,1 Zh vrphwlphv rplw

wkh qdli fdvh +��� > zlwk rswlplvwlf eholhiv derxw ixwxuh vhoyhv,/ vlqfh wkh uhvxowv ri wkh vrsklvwlfd0

wlrq fdvh dqg wkh qdli fdvh duh jhqhudoo| txlwh vlplodu1 Zh uhihu wr vrsklvwlfdwhg k|shuerolfv dv

_k|shuerolfv% dqg qdli k|shuerolfv dv _qdliv1%
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g� �AB,+|�W -jt�,|t

Lq wkh vwdqgdug h{srqhqwldo glvfrxqwlqj prgho +l1h1/ � @ 4 deryh/ zlwk qr looltxlg dvvhwv/ dqg

wlph0ydu|lqj pruwdolw| dqg krxvhkrog vl}h h�hfwv,/ wkh htxloleulxp sdwk vdwlv�hv wkh zhoo0nqrzq

H{srqhqwldo Hxohu Uhodwlrq

x�+F|, @ H|U�x�+F|n�,=

Lqwxlwlyho|/ wkh pdujlqdo xwlolw| ri frqvxplqj dq dgglwlrqdo groodu wrgd|/ x�+F|,/ pxvw htxdo wkh

pdujlqdo xwlolw| ri vdylqj wkdw groodu1 D vdyhg groodu jurzv wr U grooduv e| qh{w |hdu1 Xwlov

qh{w shulrg duh glvfrxqwhg zlwk idfwru �1 Khqfh/ wkh ydoxh ri wrgd|*v pdujlqdo vdylqjv lv jlyhq e|

H|U�x
�+F|n�,1 Wkh h{shfwdwlrq rshudwru lqwhjudwhv ryhu xqfhuwdlq ixwxuh frqvxpswlrq1

Kduulv dqg Odlevrq +5333, vkrz wkdw wkh H{srqhqwldo Hxohu Htxdwlrq kdv d qdwxudo jhqhudol}d0

wlrq lq wkh vrsklvwlfdwhg k|shuerolf hfrqrp|1�2

x�+F|, @ H|U

�
��

�
CF|n�

C[|n�

�
. �

�
4� CF|n�

C[|n�

��
x�+F|n�,

Wkh gl�huhqfh ehwzhhq wkh H{srqhqwldo Hxohu Uhodwlrq dqg wkh K|shuerolf Hxohu Uhodwlrq lv wkdw

wkh odwwhu uhsodfhv wkh frqvwdqw h{srqhqwldo glvfrxqw idfwru/ �> e| wkh eudfnhwhg whup deryh/

�
��

�
CF|n�

C[|n�

�
. �

�
4� CF|n�

C[|n�

��
=

Wklv h�hfwlyh glvfrxqw idfwru lv d zhljkwhg dyhudjh ri wkh vkruw0uxq glvfrxqw idfwru �� dqg wkh orqj0

uxq glvfrxqw idfwru �= Wkh uhvshfwlyh zhljkwv duh
�
Y�|n�

Yf|n�

�
> wkh pdujlqdo surshqvlw| wr frqvxph

rxw ri oltxlg zhdowk/ dqg
�
4� Y�|n�

Yf|n�

�
= Vlqfh � ? 4> wkh h�hfwlyh glvfrxqw idfwru lv vwrfkdvwlf dqg

hqgrjhqrxv wr wkh prgho1

Lq wkh vrsklvwlfdwhg k|shuerolf prgho/ wkh h�hfwlyh glvfrxqw idfwru lv qhjdwlyho| uhodwhg wr wkh

�2A��t T@h|�U�*@h uLh4 Lu |�i }i?ih@*�3@|�L? @TT*�it ��i? |�i UL?t�4T|�L? u�?U|�L? �t w�TtU��|3 UL?|�?�L�tc @
ThLTih|) ���U� �L*_t �? @ ?i�}�MLh�LL_ Lu q ' � EO@hh�t @?_ w@�MtL? 2fff��
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ixwxuh pdujlqdo surshqvlw| wr frqvxph +PSF,1 Wr jdlq lqwxlwlrq iru wklv h�hfw/ frqvlghu d frqvxphu

dw wlph 3 zkr lv wklqnlqj derxw vdylqj d pdujlqdo groodu iru wkh ixwxuh1 Wkh frqvxphu dw wlph }hur

� cvhoi 3* � h{shfwv ixwxuh vhoyhv wr ryhufrqvxph uhodwlyh wr wkh frqvxpswlrq udwh wkdw vhoi 3 suhihuv

wkrvh ixwxuh vhoyhv wr lpsohphqw1 Khqfh/ rq wkh htxloleulxp sdwk/ vhoi 3 ydoxhv pdujlqdo vdylqj

pruh wkdq pdujlqdo frqvxpswlrq dw dq| ixwxuh wlph shulrg1 Iurp vhoi 3*v shuvshfwlyh/ wkhuhiruh/

lw pdwwhuv krz d pdujlqdo xqlw ri zhdowk dw wlph shulrg 4 zloo eh glylghg ehwzhhq vdylqjv dqg

frqvxpswlrq e| vhoi 41 Vhoi 4*v PSF ghwhuplqhv wklv glylvlrq1 Vlqfh vhoi 3 ydoxhv pdujlqdo vdylqj

pruh wkdq pdujlqdo frqvxpswlrq dw wlph shulrg 4/ vhoi 3 ydoxhv wkh ixwxuh ohvv wkh kljkhu wkh

h{shfwhg PSF dw wlph shulrg 41

Wkh h�hfwlyh glvfrxqw idfwru lq wkh K|shuerolf Hxohu Uhodwlrq ydulhv vljql�fdqwo| ryhu wlph1

Frqvxphuv zkr h{shfw wr kdyh orz ohyhov ri ixwxuh fdvk0rq0kdqg zloo h{shfw Y�|n�

Yf|n�
wr eh forvh wr

rqh/�� lpso|lqj wkdw wkh h�hfwlyh glvfrxqw idfwru zloo dssur{lpdwho| htxdo ��1 Dvvxplqj wkdw

shulrgv duh dqqxdo zlwk d vwdqgdug fdoleudwlrq ri � @ =: dqg � @ =<8/ wkh h�hfwlyh glvfrxqw udwh

zrxog eh � oq+=:� =<8, @ =741 E| frqwudvw/ frqvxphuv zlwk kljk ohyhov ri ixwxuh fdvk0rq0kdqg zloo

h{shfw Y�|n�

Yf|n�
wr eh forvh wr }hur/�e lpso|lqj wkdw wkh h�hfwlyh glvfrxqw idfwru zloo dssur{lpdwho|

htxdo �1 Lq wklv fdvh/ wkh h�hfwlyh glvfrxqw udwh zloo eh � oq+=<8, @ =381

Vrsklvwlfdwhg k|shuerolf frqvxphuv kdyh dq lqfhqwlyh wr nhhs wkhpvhoyhv oltxlglw| frqvwudlqhg

+Odlevrq/ 4<<:d,1 E| vwrulqj zhdowk lq looltxlg irup/ k|shuerolf frqvxphuv suhyhqw wkhpvhoyhv

iurp ryhuvshqglqj lq wkh ixwxuh1 Hduo| vhoyhv lqwhqwlrqdoo| wu| wr frqvwudlq wkh frqvxpswlrq ri

ixwxuh vhoyhv1 Wklv kdv wkh h�hfw ri udlvlqj wkh ixwxuh pdujlqdo surshqvlw| wr frqvxph rxw ri wkh

+frqvwudlqhg, vwrfn ri oltxlg zhdowk1 Wkh kljk pdujlqdo surshqvlw| wr frqvxph jhqhudwhv kljk

h�hfwlyh glvfrxqw udwhv +� =74,/ h{sodlqlqj zk| k|shuerolfv duh iuhtxhqwo| zloolqj wr eruurz rq

fuhglw fdugv1

��wL� *i�i*t Lu U@t��L?��@?_ �4T*) |�@| |�i @}i?| �t *�^��_�|) UL?t|h@�?i_� Oi?Uic *L� *i�i*t Lu U@t��L?��@?_ �4T*)
@ ��}� ���� 5ii O@hh�t @?_ w@�MtL? E2fff� uLh t�4�*@|i_ �)TihML*�U UL?t�4T|�L? u�?U|�L?t �? M�gih t|LU! 4L_i*t�

�e`�i? |�i @}i?| �t ?L| *�^��_�|) UL?t|h@�?i_c 4@h}�?@* UL?t�4T|�L? �t @TThL �4@|i*) i^�@* |L |�i @??��|) �@*�i
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Vrsklvwlfdwhg k|shuerolfv uhfrjql}h wkdw looltxlg zhdowk zloo eh vshqw pxfk pruh vorzo| wkdq

oltxlg zhdowk1 Looltxlg zhdowk � h1j1/ krxvlqj � jhqhudwhv pdujlqdo xwlolw| �rzv iru pdq| shulrgv

lq wkh ixwxuh1 Wkh frqvxphu glvfrxqwv xwlolw| �rzv � shulrgv dzd| zlwk idfwru ��� 1 Zkhq

glvfrxqwlqj frqvxpswlrq lqfuhphqwv ryhu orqj0krul}rqv/ d k|shuerolf frqvxphu xvhv dq h�hfwlyh

glvfrxqw udwh ri

olp
�<"

k
� oq+��� ,

�

�

l
@ olp

�<"

�
�4

�
oq+�,� oq+�,

�
@ � oq+�,=

Khqfh/ looltxlg zhdowk dffxpxodwlrq lv sulpdulo| gulyhq e| �/ qrw �/ lpso|lqj wkdw wkh frqvxphu

dffxpxodwhv looltxlg zhdowk dv li vkh kdg d glvfrxqw udwh ri � oq+�, @ =38=

Zlwk wkh srwhqwldo iru h�hfwlyh glvfrxqw udwhv ri 74( shu |hdu/ wkh prgho suhglfwv zlghvsuhdg

eruurzlqj rq fuhglw fdugv dw 48( � 53( dqqxdo lqwhuhvw udwhv1 Krzhyhu/ wkh k|shuerolf prgho

vlpxowdqhrxvo| suhglfwv wkdw prvw frqvxphuv zloo dffxpxodwh odujh vwrfnv ri looltxlg zhdowk/ edvlqj

dffxpxodwlrq ghflvlrqv rq d uhodwlyho| orz glvfrxqw udwh ri 1381 Ixuwkhupruh/ zlwk kljk ohyhov

ri fuhglw fdug ghewv dqg orz ohyhov ri oltxlg dvvhwv/ k|shuerolf frqvxphuv duh xqdeoh wr vprrwk

frqvxpswlrq hyhq li lqfrph fkdqjhv duh h{shfwhg1 Wkxv wkh k|shuerolf prgho suhglfwv wkdw frq0

vxpswlrq zloo wudfn lqfrph iru prvw frqvxphuv1

F� 7�6�,B|�NA -jt�,|t

Zh �uvw suhvhqw vlpxodwlrq uhvxowv iru h{srqhqwldo krxvhkrogv +� @ 4> � @ =<76:,> dqg wkhq frpsduh

wkhvh h{srqhqwldo krxvhkrogv wr vlpxodwhg k|shuerolf krxvhkrogv +� @ =:> � @ =<8:4,1�D Uhfdoo

wkdw doo krxvhkrogv � h{srqhqwldo/ k|shuerolf dqg qdliv � kdyh suhihuhqfhv wkdw duh fkrvhq wr

pdwfk wkh phgldq hpslulfdo zhdowk wr lqfrph udwlrv gxulqj wkh suh0uhwluhphqw |hduv +djh 8308<,1

Iljxuh 5 sorwv wkh phdq frqvxpswlrq sur�oh iru h{srqhqwldo krxvhkrogv1 Wklv sur�oh frydulhv

zlwk wkh phdq oderu lqfrph sur�oh/ zklfk lv dovr sorwwhg1 Wklv frpryhphqw lv gulyhq e| wzr

�DW? |�i �}�hit |�@| uL**L�c �i L?*) hiTLh| |�i hit�*|t uLh tLT��t|�U@|i_ �)TihML*�U UL?t�4iht� A�i T*L|t uLh ?@�u
UL?t�4iht @hi ^�@*�|@|��i*) |�i t@4i� ì _L hiTLh| |�i ?@�u hit�*|t ��i? �i UL4T@hi L�h t�4�*@|�L? hit�*|t |L
|�i i4T�h�U@* _@|@� W? |��t tiU|�L?c �i hiuih |L �)TihML*�U tLT��t|�U@|it @t R�)TihML*�Ut�c @?_ |L �)TihML*�U ?@�ut @t
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idfwruv1 Iluvw/ orz lqfrph hduo| lq olih krogv grzq frqvxpswlrq/ vlqfh frqvxphuv fdqqrw eruurz

djdlqvw ixwxuh lqfrph1�S Vhfrqg/ frqvxpswlrq qhhgv shdn lq plg0olih1 Wkh qxpehu ri dgxow0

htxlydohqw ghshqghqwv uhdfkhv d shdn ri 415< dw djh 7:1�. Iljxuh 6 sorwv wkh uhdol}hg frqvxpswlrq

dqg lqfrph sdwkv iru d vlqjoh w|slfdo krxvhkrog1 Wklv �jxuh ghprqvwudwhv erwk kljk dqg orz

iuhtxhqf| frqvxpswlrq0lqfrph frpryhphqw1

Iljxuh 7 frpsduhv wkh sur�oh ri phdq frqvxpswlrq ri h{srqhqwldo krxvhkrogv dqg wkh sur�oh ri

phdq frqvxpswlrq ri k|shuerolf krxvhkrogv1 Wkhvh wzr frqvxpswlrq sur�ohv duh doprvw lqglvwlq0

jxlvkdeoh1 Wkh rqo| gl�huhqfhv dulvh dw wkh yhu| ehjlqqlqj ri olih/ durxqg uhwluhphqw/ dqg dw wkh

yhu| hqg ri olih1 Dw wkh ehjlqqlqj ri olih/ k|shuerolf frqvxphuv jr rq d fuhglw fdug �qdqfhg vshqg0

lqj vsuhh/�H ohdglqj wr kljkhu frqvxpswlrq wkdq wkh h{srqhqwldov1 Durxqg uhwluhphqw/ k|shuerolf

frqvxpswlrq idoov pruh vwhhso| wkdq h{srqhqwldo frqvxpswlrq/ vlqfh k|shuerolf krxvhkrogv kdyh

prvw ri wkhlu zhdowk lq looltxlg dvvhwv wkdw wkh| fdqqrw frvw0h�hfwlyho| vhoo wr vprrwk frqvxpswlrq1

Dw wkh hqg ri olih/ k|shuerolf frqvxphuv kdyh pruh looltxlg dvvhwv wr vhoo/ vxssruwlqj d kljkhu ohyho

ri odwh0olih frqvxpswlrq1

Iljxuh 8 sdqho D sorwv wkh phdq ohyhov ri oltxlg �qdqfldo dvvhwv +[n
| . t|

2e
,/ looltxlg dvvhwv +]|,/

dqg wrwdo dvvhwv +]|.[|.
t|
2e
, iru rxu vlpxodwhg h{srqhqwldo krxvhkrogv1 Iljxuh 8 sdqho E sorwv wkh

phdq ohyho ri oltxlg �qdqfldo oldelolwlhv +[3

| , iru rxu vlpxodwhg h{srqhqwldo krxvhkrogv1 Qrwh wkdw

[n
| @ pd{i3>[|j dqg [3

| @ plqi3>[|j= Fuhglw fdug eruurzlqj/ +[3

| ,/ jurzv txlfno| hduo| lq olih/

uhdfklqj d whpsrudu| vwhdg| vwdwh durxqg djh 631 Lq wkh h{srqhqwldo vlpxodwlrqv phdq edodqfhv

duh dozd|v vpdoo +frpsduhg wr hpslulfdo ehqfkpdunv,/ zlwk dyhudjh edodqfhv ri rqo| '<331 Wkh

hpslulfdo phdq lv ryhu '7/8331�b Oltxlg �qdqfldo dvvhwv dffxpxodwh xqwlo wkh| uhdfk d whpsrudu|

sodwhdx dw djh 631 Wklv ex�hu vwrfn ri oltxlg zhdowk lv xvhg wr ulgh rxw wudqvlwru| vkrfnv gxulqj

�SA�i Uhi_�| U@h_ MLhhL��?} *�4�| �t ��f Lu L?i )i@h<t �?UL4ic ?L| i?L�}� |L t4LL|� UL?t�4T|�L? L�ih |�i *�uiU)U*i�
�.A�i ?�4Mih Lu U��*_hi? hi@U�it @ Ti@! Lu 2�fb @| @}i �S� A�i ?�4Mih Lu _iTi?_i?| @_�*|t hi@U�it @ Ti@! Lu �b�

@| @}i D�� 5ii w+A E2fff� uLh 4Lhi _i|@�*t�
�H5ii BL�h�?U�@t @?_ �@h!ih E�bbb� uLh i4T�h�U@* i��_i?Ui L? @? i@h*) *�ui UL?t�4T|�L? MLL4�
�bA��t @�ih@}i M@*@?Ui �?U*�_it �L�ti�L*_t �? @** i_�U@|�L? U@|i}Lh�it� W| �t U@*U�*@|i_ L? |�i M@t�t Lu @}}hi}@|i

�?uLh4@|�L? hiTLh|i_ M) |�i 6i_ih@* +itih�i� A��t �}�hi �t UL?t�t|i?| ��|� �@*�it uhL4 @ ThLTh�i|@h) @UUL�?|�*i�i*
_@|@ ti| @tti4M*i_ M) #@��_ BhLtt @?_ ��U�L*@t 5L�*i*it E�bbb@c �bbbMc 2fff�� 5ii w+A E2fff��



Q+VjiON,�W $�tWN�A|�A}e bjB,|� �WW�6�,B|�NAe BAa �NAt�6V|�NA 53

zrunlqj olih1 Pruh oltxlg zhdowk lv dffxpxodwhg lq wkh ghfdgh ehiruh uhwluhphqw +djhv 86096,/ wr

vprrwk rxw wkh gurs lq oderu lqfrph dw uhwluhphqw1 Looltxlg dffxpxodwlrq ehjlqv dw djh 63 dqg

shdnv dw djh 961 Odwh lq olih/ looltxlg zhdowk lv vrog/ wudqviruphg lqwr oltxlg zhdowk/ dqg wkhq

frqvxphg1

Iljxuh 9 frpsduhv wkh wrwdo dvvhw sur�ohv ri h{srqhqwldo dqg k|shuerolf frqvxphuv1 Wkhvh

wzr sur�ohv duh vlplodu/ h{fhsw gxulqj wkh uhwluhphqw |hduv1 H{srqhqwldo frqvxphuv glvvdyh pruh

txlfno| lq uhwluhphqw/ ehfdxvh wkh| kdyh ohvv looltxlg zhdowk lq wkhlu sruwirolrv1 Wkh frqwudvw lq

looltxlg zhdowk kroglqj lv sorwwhg lq Iljxuh :/ zklfk vkrzv wkdw uhodwlyh wr h{srqhqwldov/ k|shuerolfv

ehjlq dffxpxodwlqj looltxlg zhdowk hduolhu/ frqwlqxh dffxpxodwlqj looltxlg zhdowk odwhu/ dqg khqfh

dffxpxodwh pruh1 Frqyhuvho|/ k|shuerolfv dffxpxodwh ohvv oltxlg zhdowk1 Iljxuh ; +sdqhov D dqg

E, sorw wkh oltxlg �qdqfldo dvvhwv +[n
| . t|

2e
, dqg oltxlg �qdqfldo oldelolwlhv +[3

| , ri k|shuerolfv dqg

h{srqhqwldov1 K|shuerolfv krog pruh fuhglw fdug ghew ~ zlwk dyhudjh edodqfhv ri '6/73; ~ dqg

ohvv srvlwlyh �qdqfldo dvvhwv wkdq h{srqhqwldov1 K|shuerolfv frqvwudlq wkhlu rzq ixwxuh vhoyhv iurp

ryhufrqvxplqj e| kroglqj d glvsursruwlrqdwho| orz vkduh ri wkhlu zhdowk lq oltxlg irup1

Lq wkh qh{w vxe0vhfwlrq zh irupdoo| hydoxdwh wkh gl�huhqfhv ehwzhhq wkh k|shuerolf prghov dqg

wkh h{srqhqwldo prgho1 Lq dgglwlrq/ zh hydoxdwh wkh suhglfwlrqv ri wkhvh prghov xvlqj hpslulfdo

hylghqfh derxw zhdowk dffxpxodwlrq/ dvvhw doorfdwlrq/ dqg frqvxpswlrq ryhu wkh olihf|foh1

8141 Zhdowk dffxpxodwlrq dqg dvvhw doorfdwlrq1 H{srqhqwldo dqg k|shuerolf frqvxphuv

pdnh yhu| gl�huhqw dvvhw doorfdwlrq fkrlfhv/ dowkrxjk h{srqhqwldov dqg k|shuerolfv duh fdoleudwhg wr

krog lghqwlfdo dprxqwv ri suh0uhwluhphqw wrwdo zhdowk +uhfdoo Iljxuhv 9/ :/ dqg ;,1 H{srqhqwldov krog

uhodwlyho| pruh oltxlg zhdowk dqg khqfh uhodwlyho| ohvv looltxlg zhdowk1 Dowkrxjk erwk k|shuerolfv

dqg h{srqhqwldov sd| _frvwv% iru looltxlglw|/ wkhvh frvwv duh dw ohdvw sduwldoo| r�vhw iru k|shuerolfv

ehfdxvh wkh| ydoxh wkh frpplwphqw surgxfhg e| looltxlglw|1 Khqfh/ rq qhw/ looltxlglw| lv pruh frvwo|

iru dq h{srqhqwldo wkdq iru d k|shuerolf frqvxphu1

Wr txdqwlwdwlyho| hydoxdwh wkh gl�huhqfhv ehwzhhq k|shuerolf dqg h{srqhqwldo krxvhkrogv zh
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fdofxodwhg wkh udwlr ri oltxlg �qdqfldo dvvhwv wr oderu lqfrph iru hyhu| krxvhkrog dw hyhu| djh=

OZU�| @
[n
�| .

t�|
2e

\�|

Zh wkhq wdexodwhg wkh shufhqwdjh ri vlpxodwhg krxvhkrogv iru zkrp wklv oltxlg zhdowk udwlr/

OZU�|/ lv ohvv wkdq �
�2
= Lq rwkhu zrugv/ zh dvn zkdw shufhqwdjh ri krxvhkrogv kdyh oltxlg �0

qdqfldo dvvhw kroglqjv wkdw duh ohvv wkdq rqh prqwk ri oderu lqfrph1 Wkh uhvxowv ri wklv wdexodwlrq

ri vlpxodwhg gdwd duh uhsruwhg lq froxpqv 4/ 5 dqg 6 ri Wdeoh 41 Iru h{dpsoh/ iurp djhv 73 wr 7</

5;( ri vlpxodwhg h{srqhqwldo krxvhkrogv krog oltxlg �qdqfldo dvvhwv wkdw duh ohvv wkdq rqh prqwk ri

oderu lqfrph1 Wkh dqdorjrxv qxpehu iru k|shuerolfv lv 95(/ dqg ;5( iru qdliv1 Iru frpsdulvrq/

wkh 4<<8 VFI lpsolhv wkdw ehwzhhq 8;( dqg :7( ri dfwxdo krxvhkrogv krog oltxlg �qdqfldo dvvhwv

wkdw duh ohvv wkdq rqh prqwk ri oderu lqfrph1 Wklv udqjh ri hpslulfdo ydoxhv dulvhv ehfdxvh zh

frqvlghu d udqjh ri gh�qlwlrqv ri oltxlg �qdqfldo dvvhwv lq Wdeoh 41

Lq jhqhudo/ wkh hpslulfdo shufhqwdjhv idoo vorzo| iurp dssur{lpdwho| ;3( wr 93( ehwzhhq djhv

53 dqg 931 Wkh hpslulfdo shufhqwdjhv wkhq idoo pxfk pruh udslgo|/ hqglqj dw durxqg 63( diwhu

djh :31 Wkh k|shuerolf prgho surylghv d pxfk ehwwhu �w wr wkh gdwd gxulqj wkh ghfdghv ehwzhhq

djhv 53 dqg 8<1 Ehwzhhq djhv 93 dqg 9</ wkh h{srqhqwldo vlpxodwlrqv dqg k|shuerolf vlpxodwlrqv

erwk gr srruo|/ vlqfh wkh gdwd olh urxjko| ehwzhhq wkh suhglfwlrqv ri wkh wzr prghov1 Rqo| lq wkh

shulrg diwhu djh :3 grhv wkh h{srqhqwldo prgho ehdw wkh k|shuerolf prgho1

Iru h{dpsoh/ frqvlghu wkh lqwhuphgldwh gh�qlwlrq ri oltxlg �qdqfldo dvvhwv +froxpq 8, zklfk

lqfoxghv fdvk/ fkhfnlqj dffrxqwv/ vdylqj dffrxqwv dqg prqh| pdunhw dffrxqwv1 Xvlqj wklv gh�qlwlrq

wkh olihf|foh sur�oh ri wkh hpslulfdo shufhqwdjhv lv ;4(/ :9(/ 9<(/ 8<(/ 65(/ dqg 5<( +djhv

5305</ 6306</ 7307</ 8308</ 9309</ dqg :3 dqg ryhu/ uhvshfwlyho|,1 E| frqwudvw/ wkh dvvrfldwhg

h{srqhqwldo vlpxodwlrq shufhqwdjhv duh 7;(/ 5;(/ 5;(/ 57(/ <(/ dqg 56(1 Qrwh wkdw wklv

h{srqhqwldo sur�oh olhv hyhu|zkhuh ehorz wkh hpslulfdo sur�oh/ zlwk dq dyhudjh gl�huhqfh ri 065(1

Krzhyhu/ wkh dvvrfldwhg k|shuerolf vlpxodwlrq shufhqwdjhv duh 99(/ 94(/ 95(/ 8:(/ 8;(/ dqg
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87(1 Wklv sur�oh furvvhv wkh hpslulfdo sur�oh/ zlwk dq dyhudjh gl�huhqfh ri rqo| 5(1 Pruhryhu/

wkh h{srqhqwldo vlpxodwlrqv zrxog vwloo orvh wr wkh k|shuerolf vlpxodwlrqv hyhq li zh fkrvh wkh prvw

lqfoxvlyh hpslulfdo gh�qlwlrq ri oltxlg �qdqfldo dvvhwv +froxpq 8,1 Wkh qdli frqvxphuv dovr frph

forvhu wr wkh gdwd wkdq wkh h{srqhqwldov/ zlwk shufhqwdjhv ri :9(/ :5(/ ;5(/ :7(/ 85(/ dqg 74(/

zlwk dq dyhudjh gl�huhqfh ri <(1

Zh fdq dovr hydoxdwh wkh prgho e| orrnlqj dw wkh suhglfwhg vkduh ri oltxlg �qdqfldo dvvhwv lq

krxvhkrog sruwirolrv1 Lq Wdeoh 5/ zh hydoxdwh wkh oltxlg zhdowk vkduh

OZV�| @
[n
�| .

t�|
2e

[n
�| .

t�|
2e

. ]�|
=

Wkh phdq k|shuerolf oltxlg zhdowk vkduh pdwfkhv wkh VFI gdwd pruh forvho| wkdq wkh phdq h{sr0

qhqwldo oltxlg zhdowk vkduh1 Lqghhg/ wkh phdq k|shuerolf oltxlg zhdowk vkduhv dozd|v olh ehwzhhq wkh

dfwxdo gdwd dqg wkh h{srqhqwldo vkduh1 Iru h{dpsoh/ lq froxpq 8 ri Wdeoh 5 zh uhsruw wkh dyhudjh

hpslulfdo oltxlg zhdowk vkduh/ xvlqj wkh lqwhuphgldwh gh�qlwlrq ri oltxlg �qdqfldo dvvhwv/ zklfk lq0

foxghv fdvk/ fkhfnlqj dffrxqwv/ vdylqj dffrxqwv dqg prqh| pdunhw dffrxqwv1 Xvlqj wklv gh�qlwlrq

wkh olihf|foh sur�oh ri wkh hpslulfdo vkduhv lv 44(/ 9(/ 8(/ 8(/ 43(/ dqg 45( +djhv 5305</ 6306</

7307</ 8308</ 9309</ :3.,1 E| frqwudvw/ wkh dvvrfldwhg h{srqhqwldo vkduhv duh <:(/ 98(/ 68(/ 53(/

5:(/ dqg 8:(1 Qrwh wkdw wklv h{srqhqwldo sur�oh olhv hyhu|zkhuh deryh wkh hpslulfdo sur�oh/ zlwk

dq dyhudjh gl�huhqfh ri 75(1 Wkh dvvrfldwhg k|shuerolf vkduhv duh ;9(/ 79(/ 57(/ 46(/ 45(/

dqg 89(1 Wklv sur�oh olhv ehwzhhq wkh h{srqhqwldo sur�oh dqg wkh hpslulfdo sur�oh1 Khqfh/ wkh

k|shuerolf vlpxodwlrq rxwshuirupv wkh h{srqhqwldo vlpxodwlrq1 Exw wkh k|shuerolf vkduhv duh vwloo

idu deryh wkh hpslulfdo vkduhv/ zlwk dq dyhudjh gl�huhqfh ri 64(1 Wkhvh uhodwlyh frpsdulvrqv vwloo

dulvh hyhq zkhq zh fkrrvh wkh ohdvw lqfoxvlyh hpslulfdo gh�qlwlrq ri oltxlg �qdqfldo dvvhwv +froxpq

7,1 Wkh qdliv idoo ehwzhhq wkh k|shuerolfv dqg h{srqhqwldov/ zlwk udwlrv ri <6(/ 89(/ 5<(/ 48(/

4:(/ dqg 89(/ iru dq dyhudjh gl�huhqfh ri 69(1

Dqrwkhu lpsruwdqw irup ri oltxlglw| lv uhyroylqj fuhglw1 Orz ohyhov ri oltxlg �qdqfldo dvvhwv
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duh qdwxudoo| dvvrfldwhg zlwk kljk ohyhov ri uhyroylqj ghew1 Zh qh{w frqwudvw h{srqhqwldo dqg

k|shuerolf frqvxphuv e| frpsdulqj wkhlu vlpxodwhg surshqvlwlhv wr eruurz rq fuhglw fdugv +OUW/

5333,1 Dw dq| srlqw lq wlph rqo| 4<( ri h{srqhqwldo frqvxphuv eruurz rq wkhlu fuhglw fdugv/

frpsduhg wr 84( ri k|shuerolfv dqg 93( ri qdliv1 Lq wkh 4<<8 Vxuyh| ri Frqvxphu Ilqdqfhv/ :3(

ri krxvhkrogv zlwk fuhglw fdugv uhsruw wkdw wkh| glg qrw ixoo| sd| wkhlu fuhglw fdug eloo wkh odvw

wlph wkdw wkh| pdlohg lq d sd|phqw1 K|shuerolfv dqg qdliv frph pxfk forvhu wr pdwfklqj wkhvh

vhoi0uhsruwv1

Dqdorjrxv uhvxowv dulvh zkhq zh phdvxuh wkh dyhudjh dprxqw eruurzhg e| h{srqhqwldo dqg

k|shuerolf frqvxphuv1 Rq dyhudjh/ vlpxodwhg h{srqhqwldo krxvhkrogv rzh '<33 ri fuhglw fdug

ghew/ lqfoxglqj wkh krxvhkrogv zlwk qr ghew1 E| frqwudvw/ vlpxodwhg k|shuerolf krxvhkrogv rzh

'6/73; ri fuhglw fdug ghew1 Qdli frqvxphuv rzh '7/::: rq dyhudjh1 Wkh dfwxdo dprxqw ri fuhglw

fdug ghew rzhg shu krxvhkrog zlwk d fuhglw fdug lv dssur{lpdwho| '7/933 +lqfoxglqj krxvhkrogv

zlwk qr ghew/ exw h{foxglqj wkh �rdw,1 Djdlq/ wkh k|shuerolf dqg qdli vlpxodwlrqv surylgh d ehwwhu

dssur{lpdwlrq wkdq wkh h{srqhqwldo vlpxodwlrqv1

8151 Frpryhphqw ri frqvxpswlrq dqg oderu lqfrph1 Wr irupdoo| phdvxuh frqvxpswlrq0

lqfrph frpryhphqw/ zh udq wkh iroorzlqj uhjuhvvlrq xvlqj rxu vlpxodwhg gdwd=

� oq+F�|, @ �H|3��oq+\�|, .[�|� . %�| +9,

Wkh frqwuro yduldeohv/ [�|> lqfoxgh d ixoo vhw ri djh gxpplhv12f Wkh �uvw sdqho ri Wdeoh 6 uhsruwv

wkh uhvxowv ri wklv uhjuhvvlrq iru vlpxodwhg h{srqhqwldo frqvxphuv1 Li frqvxpswlrq lqfoxghv wkh �rz

surylghg e| wkh looltxlg dvvhw/ wkh frh�flhqw rq H|3��oq+\�|,/ �> lv durxqg 31361 Li frqvxpswlrq

lv uhvwulfwhg wr wkh �rz ri qrq0gxudeohv/ wkhq wkh frh�flhqw ulvhv wr 3138;1 Wkhvh hvwlpdwhv duh

olwwoh fkdqjhg zkhq zh lqfoxgh rwkhu frqwuro yduldeohv dqg gurs wkh djh gxpplhv +htxdwlrq 5 lq

wkh Wdeoh,1

2f`�|�L�| @}i _�44�itc |�i it|�4@|i_ ULi�U�i?| �t *�||*i U�@?}i_�
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E| frqwudvw/ hvwlpdwhv ri � xvlqj hpslulfdo gdwd olh jhqhudoo| ehwzhhq 3 wr 18/ zlwk _frqvhqvxv

hvwlpdwhv% durxqg 3151 Iru h{dpsoh/ Kdoo dqg Plvknlq +4<;5, uhsruw d vwdwlvwlfdoo| vljql�fdqw

frh�flhqw ri 1533/ Kd|dvkl +4<;8, uhsruwv d vljql�fdqw frh�flhqw ri 148;/ Dowrqml dqg Vlrz +4<;:,

uhsruw dq lqvljql�fdqw frh�flhqw ri 13<4/ Dwwdqdvlr dqg Zhehu +4<<6, uhsruw dq lqvljql�fdqw frhi0

�flhqw ri 144</ Dwwdqdvlr dqg Zhehu +4<<8, uhsruw dq lqvljql�fdqw frh�flhqw ri 1433/ Vkhd +4<<8,

uhsruwv d pdujlqdoo| vljql�fdqw frh�flhqw ri 1;;;/ Oxvdugl +4<<9, uhsruwv d vljql�fdqw frh�flhqw

ri 169;/ dqg Vrxohohv +4<<<, uhsruwv d vljql�fdqw frh�flhqw ri 16771 2�

Zh kdyh uhsolfdwhg vwdqgdug frpryhphqw uhjuhvvvlrqv xvlqj wkh SVLG vxuyh|v iurp 4<:; wr

4<<5/ iru gl�huhqw gh�qlwlrqv ri frqvxpswlrq dqg iru dowhuqdwlyh dvvxpswlrqv rq wkh phdvxuhphqw

huuru ri lqfrph122 Zh uhsruw wkhvh hpslulfdo hvwlpdwhv lq Wdeoh 71 Zh xvh d udqjh ri lqvwuxphqwv

iru H|3��oq+\�|,= odjjhg lqfrph/ odjjhg krxuv zrunhg e| wkh khdg dqg vsrxvh/ dqg udfh dqg pdulwdo

vwdwxv gxpplhv12� Doprvw doo ri rxu hpslulfdo hvwlpdwhv ri � duh vwdwlvwlfdoo| vljql�fdqw dqg idoo

ehwzhhq 14< dqg 166/ lq olqh zlwk wkh hpslulfdo olwhudwxuh/ dqg idu deryh wkh ydoxh lpsolhg e| wkh

h{srqhqwldo vlpxodwlrq +3136 wr 3139,1

Zh kdyh dovr uxq Htxdwlrq 9 rq wkh vlpxodwhg k|shuerolf dqg qdli gdwd1 Wkh vhfrqg dqg

wklug sdqhov ri Wdeoh 6 uhsruw wkh uhvxowv ri wklv dqdo|vlv1 Wkh h{fhvv vhqvlwlylw| frh�flhqw/ �/ lv

frqvlvwhqwo| hvwlpdwhg deryh 149/ lq olqh zlwk wkh dydlodeoh hpslulfdo hylghqfh1 Vlqfh k|shuerolf

dqg qdli frqvxphuv krog orz ohyhov ri oltxlg zhdowk dqg eruurz pruh rq wkhlu fuhglw fdugv/ wkh| duh

pxfk pruh olnho| wr klw elqglqj oltxlglw| frqvwudlqwv/ dqg khqfh glvsod| juhdwhu lqfrph0frqvxpswlrq

frpryhphqw wkdq wkhlu h{srqhqwldo frxqwhusduwv1

Zh dovr xvh rxu vlpxodwlrqv wr lqyhvwljdwh lqfrph0frqvxpswlrq frpryhphqw durxqg uhwluhphqw1

Edqnv hw do +4<<;, dqg Ehuqkhlp hw do +4<<:, dujxh wkdw frqvxpswlrq dqrpdorxvo| idoov gxulqj wkh

2�5ii #i@|L? E�bb2� @?_ �hL�?�?} @?_ w�t@h_� E�bbS� uLh _�tU�tt�L? Lu |�i i Uitt ti?t�|���|) *�|ih@|�hi�
22AL 4i@t�hi UL?t�4T|�L? �i �ti_ |�i �?uLh4@|�L? L? uLL_ UL?t�4T|�L? E@| �L4ic @�@) uhL4 �L4i @?_ uLL_

t|@4Tt�c @?_ L? hi?| @?_ �|�*�|�it� AL �?|ihThi| |�i �5W# |�4�?} Lu uLL_ UL?t�4T|�L?c �i uL**L�i_ ~i*_it E�bHb@�
@?_ 5�i@ E�bbD�� �L| @** �5W# t�h�i)t UL**iU| �?uLh4@|�L? L? |�i _�gihi?| UL?t�4T|�L? U@|i}Lh�it @?_ L? 6i_ih@*
W?UL4i A@ itc ���U� �i ?ii_ |L it|�4@|i @u|ih�|@ �?UL4i� Oi?Uic �i �ihi uLhUi_ |L �ti L?*) |�i t�h�i)t ��|�
UL4T*i|i �?uLh4@|�L?�

2�5�4�*@h ti|t Lu �?t|h�4i?|t �ihi �ti_ M) �*|L?�� @?_ 5�L� E�bH.�c +�?!*i E�bb��c @?_ w�t@h_� E�bbS��
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plg093*v/ dw wkh vdph wlph wkdw zrunhuv duh uhwlulqj dqg oderu lqfrph lv idoolqj1 Zh hvwlpdwh wkh

iroorzlqj uhjuhvvlrq rq rxu vlpxodwhg gdwd=

� oq+F�|, @ L+,AW+,�| � .[�|� . %�|

zkhuh L+,AW+,�| lv d vhw ri gxpp| yduldeohv wkdw wdnh wkh ydoxh ri rqh lq shulrgv w�4/ w/ w.4 dqg w.5

li shulrg w lv wkh djh ri uhwluhphqw +w @ 96 lq rxu vlpxodwlrqv,/ dqg[�| lv d yhfwru ri frqwuro yduldeohv/

lqfoxglqj djh0frqwlqjhqw pruwdolw| udwhv dqg fkdqjhv lq h�hfwlyh krxvhkrog vl}h1 Wklv uhjuhvvlrq

plplfv wkh dqdo|vlv ri Edqnv hw do +4<<;,/ h{fhsw Edqnv hw do gr qrw lqfoxgh d gxpp| yduldeoh iru

wkh djh ri uhwluhphqw1 Wdeoh 8 uhsruwv rxu hvwlpdwhv ri wkh yhfwru � xvlqj vlpxodwhg h{srqhqwldo

dqg k|shuerolf gdwd1 Iru h{srqhqwldo gdwd/ zh �qg frh�flhqwv ri 0133:;/ 01343:/ 01334/ dqg 013438

iru wkh gxpplhv lq |hduv w � 4/ w/ w . 4 dqg w . 5/ zlwk d wrwdo suhglfwhg gurs lq frqvxpswlrq ri

6( durxqg uhwluhphqw1 Wkh dqdorjrxv qxpehuv iru vrsklvwlfdwhg k|shuerolf frqvxphuv duh 013558/

01389</ 013736/ dqg 013587/ zlwk d wrwdo suhglfwhg gurs ri 4718(1 Wkh fruuhvsrqglqj �jxuhv iru qdli

frqvxphuv duh 01356:/ 013;<6/ 013656/ dqg 0313437/ zlwk d wrwdo idoo ri 4819(1 Khqfh/ k|shuerolf dqg

qdli frqvxphuv duh suhglfwhg wr h{shulhqfh d pxfk odujhu frqvxpswlrq gurs dw uhwluhphqw/ hyhq li

uhwluhphqw lv dq h{rjhqrxv/ frpsohwho| suhglfwdeoh hyhqw1

Wkhvh k|shuerolf uhvxowv pdwfk dqdorjrxv hpslulfdo hvwlpdwhv1 Wdeoh 9 uhsruwv rxu hpslulfdo

hvwlpdwhv ri wkh frqvxpswlrq gursv wkdw XV krxvhkrogv h{shulhqfh durxqg uhwluhphqw/ xvlqj gdwd

iurp wkh SVLG1 Xvlqj rxu prvw frpsuhkhqvlyh phdvxuh ri frqvxpswlrq +froxpq 8,/ wkh hvwlpdwhg

frh�flhqwv suhglfw d wrwdo gurs lq frqvxpswlrq ri 4419( durxqg uhwluhphqw1 Wklv gurs lv olwwoh

fkdqjhg li zh h{foxgh krxvhkrogv zkr uhwluhg dw djhv 88 ru |rxqjhu> wkdw lv/ li zh h{foxgh krxvhkrogv

zkr pd| kdyh uhwluhg xqh{shfwhgo| hduo|1 Djdlq/ wkh k|shuerolf dqg qdli frqvxphuv frph pxfk

forvhu wr wkh revhuyhg gdwd wkdq wkhlu h{srqhqwldo frxqwhusduwv1
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U� �NAW,�t�NAt

Zh kdyh frpsduhg vlpxodwlrqv ri h{srqhqwldo/ vrsklvwlfdwhg k|shuerolf/ dqg qdli k|shuerolf hfrqrplhv1

Zh fdoleudwh rxu wkuhh vlpxodwlrqv vr wkdw hdfk rqh pdwfkhv wkh phgldq hpslulfdo zhdowk wr lqfrph

udwlr gxulqj wkh suh0uhwluhphqw |hduv1

Uhodwlyh wr h{srqhqwldo krxvhkrogv/ erwk w|shv ri k|shuerolf krxvhkrogv krog uhodwlyho| orz

ohyhov ri oltxlg zhdowk phdvxuhg hlwkhu dv d iudfwlrq ri oderu lqfrph ru dv d vkduh ri wrwdo zhdowk1

K|shuerolf krxvhkrogv dovr eruurz pruh djjuhvvlyho| lq wkh uhyroylqj fuhglw pdunhw +l1h1/ rq fuhglw

fdugv,1 Wkhvh k|shuerolf vlpxodwlrqv pruh vxffhvvixoo| pdwfk hpslulfdo edodqfh vkhhw gdwd1

Ehfdxvh wkh k|shuerolf krxvhkrogv kdyh orz ohyhov ri oltxlg dvvhwv dqg kljk ohyhov ri fuhglw fdug

ghew/ wkh| duh xqdeoh wr vprrwk wkhlu frqvxpswlrq sdwkv lq wkh suhvhqfh ri suhglfwdeoh fkdqjhv lq

lqfrph1 Xvlqj vlpxodwhg gdwd iurp rxu fdoleudwhg prghov dqg hpslulfdo gdwd iurp wkh Sdqho Vwxg|

ri Lqfrph G|qdplfv/ zh uhjuhvv frqvxpswlrq jurzwk rq h{shfwhg lqfrph jurzwk1 Rxu fdoleudwhg

k|shuerolf vlpxodwlrqv jhqhudwh dvvrfldwhg frh�flhqwv ri dssur{lpdwho| 3158/ yhu| forvh wr hpslulfdo

frh�flhqwv hvwlpdwhg iurp wkh SVLG1 E| frqwudvw/ rxu fdoleudwhg h{srqhqwldo vlpxodwlrqv jhqhudwh

frpryhphqw frh�flhqwv ri rqo| 1361 Vlploduo|/ k|shuerolf vlpxodwlrqv jhqhudwh vxevwdqwldo gursv

lq frqvxpswlrq durxqg uhwluhphqw/ pdwfklqj hpslulfdo hvwlpdwhv1 Wkh h{srqhqwldo vlpxodwlrqv idlo

wr uhsolfdwh wklv sdwwhuq1 Doo lq doo/ rxu dqdo|vlv vxjjhvwv wkdw wkh k|shuerolf ex�hu vwrfn prgho

pdwfkhv revhuyhg frqvxpswlrq dqg zhdowk gdwd ehwwhu wkdq wkh h{srqhqwldo ex�hu vwrfn prgho1
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0� -jujijAWjt

Dlqvolh/ Jhrujh1 4<<5 Slfrhfrqrplfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Dowrqml/ Mrvhsk/ dqg Dor|vlxv Vlrz1 4<;:1 _Whvwlqj wkh Uhvsrqvh ri Frqvxpswlrq wr Lqfrph

Fkdqjhv zlwk +Qrlv|, Sdqho Gdwd1% Txduwhuo| Mrxuqdo ri Hfrqrplfv1 435+5,/ ss1 5<6065;1

Dnhuori/ Jhrujh D1 4<<41 _Surfudvwlqdwlrq dqg Rehglhqfh1% Dphulfdq Hfrqrplf Uhylhz1 +Sdshuv

dqg Surfhhglqjv,/ ss1 404<1

Dwwdqdvlr/ Rud}lr1 4<<<1 _Frqvxpswlrq/% lq Kdqgerrn ri Pdfurhfrqrplfv1 Mrkq Wd|oru dqg

Plfkdho Zrrgirug/ hgv1 Qruwk Kroodqg1

��~/ dqg Jxjolhopr Zhehu1 4<<61 _Frqvxpswlrq Jurzwk/ wkh Lqwhuhvw Udwh/ dqg Djjuhjdwlrq1%

Uhylhz ri Hfrqrplf Vwxglhv1 93=6/ ss1 96407<1

��~/ dqg ��~1 4<<81 _Lv Frqvxpswlrq Jurzwk Frqvlvwhqw zlwk Lqwhuwhpsrudo Rswlpl}dwlrqB

Hylghqfh irup wkh Frqvxphu H{shqglwxuh Vxuyh|1% Mrxuqdo ri Srolwlfdo Hfrqrp|1 436=9/ ss1

445408:1

Edqnv/ Mdphv/ Ulfkdug Eoxqghoo dqg Vdudk Wdqqhu1 4<<;1 _Lv Wkhuh d Uhwluhphqw Sx}}ohB%

Dphulfdq Hfrqrplf Uhylhz1 ;;+7,/ ss1:9<0:;;1

Eduur/ Urehuw1 4<<:1 _P|rsld dqg Lqfrqvlvwhqf| lq wkh Qhrfodvvlfdo Jurzwk Prgho1% Kduydug

plphr1

Ehqderx/ Urodqg dqg Mhdq Wluroh1 53331 _Zloosrzhu dqg shuvrqdo uxohv/% plphr1

Ehuqkhlp/ E1 Grxjodv1 4<<81 _Gr Krxvhkrogv Dssuhfldwh Wkhlu Ilqdqfldo YxoqhudelolwlhvB Dq

Dqdo|vlv ri Dfwlrqv/ Shufhswlrqv/ dqg Sxeolf Srolf|/% Wd{ Srolf| iru Hfrqrplf Jurzwk lq wkh

4<<3v/ Zdvklqjwrq/ G1F1= Dphulfdq Frxqflo iru Fdslwdo Irupdwlrq/ 40631
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��~/ Mrqdwkdq Vnlqqhu/ dqg Vwhyhq Zhlqehuj1 4<<:1 _Zkdw Dffrxqwv iru wkh Yduldwlrq lq Uh0

wluhphqw Zhdowk Dprqj XV KrxvhkrogvB% Zrunlqj Sdshu 955:1 Fdpeulgjh/ Pdvv= Qdwlrqdo

Exuhdx ri Hfrqrplf Uhvhdufk1

Eoxqghoo/ Ulfkdug/ Pduwlq Eurzqlqj/ dqg Frvwdv Phjklu1 4<<71 _Frqvxphu Ghpdqg dqg wkh

Olih0F|foh Doorfdwlrq ri Krxvhkrog H{shqglwxuhv1% Uhylhz ri Hfrqrplf Vwxglhv1 94/ ss1

8:0;31

Eurfdv/ Lvdehooh dqg Mxdq Fduuloor1 53331 _Wkh Ydoxh ri Lqirupdwlrq Zkhq Suhihuhqfhv duh

G|qdplfdoo| Lqfrqvlvwhqw/% iruwkfrplqj lq Hxurshdq Hfrqrplf Uhylhz1

Eurzqlqj/ Pduwlq dqg Dqqdpduld Oxvdugl1 4<<91 _Krxvhkrog Vdylqj= Plfur Wkhrulhv dqg Plfur

Idfwv1% Mrxuqdo ri Hfrqrplf Olwhudwxuh165/ ss14:<:04;881

Fduuloor/ Mxdq dqg Wkrpdv Pdulrwwl1 53331 _Vwudwhjlf Ljqrudqfh dv d Vhoi0Glvflsolqlqj Ghylfh1%

iruwkfrplqj lq Uhylhz ri Hfrqrplf Vwxglhv1

Fduuroo/ Fkulvwrskhu G1 4<<51 _Wkh Ex�hu Vwrfn Wkhru| ri Vdylqj= Vrph Pdfurhfrqrplf Hyl0

ghqfh1% Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|1 5=4<<5/ ss1 9404891

��~1 4<<:1 _Ex�hu0Vwrfn Vdylqj dqg wkh Olih F|foh2Shupdqhqw Lqfrph K|srwkhvlv1% Txduwhuo|

Mrxuqdo ri Hfrqrplfv1 445/ ss1 408:1

Fkxqj/ Vklq0Kr/ dqg Ulfkdug M1 Khuuqvwhlq1 4<941 _Uhodwlyh dqg Devroxwh Vwuhqjwkv ri Uhvsrqvh

dv d Ixqfwlrq ri Iuhtxhqf| ri Uhlqirufhphqw1% Mrxuqdo ri wkh H{shulphqwdo Dqdo|vlv ri

Dqlpdo Ehkdylru1 7/ ss1 59:0:51

Ghdwrq/ Dqjxv1 4<<41 _Vdylqj dqg Oltxlglw| Frqvwudlqwv1% Hfrqrphwulfd1 8</ ss1 455407;1

Ghdwrq/ Dqxjv1 4<<51 Xqghuvwdqglqj Frqvxpswlrq1 R{irug Xqlyhuvlw| Suhvv= R{irug1

Ghdwrq/ Dqjxv/ dqg Mrkq Pxhooedxhu 4<;91 _Rq Phdvxulqj Fklog Frvwv= Zlwk Dssolfdwlrqv wr

Srru Frxqwulhv/% Mrxuqdo ri Srolwlfdo Hfrqrp|1 <7=7/ ss1 :530:771
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Gldprqg/ Shwhu dqg Erwrqg Nrv}hjl1 4<<;1 _K|shuerolf glvfrxqwlqj dqg uhwluhphqw1% PLW

plphr1

��~/ ��~/ dqg Mrkq Nduo Vfkro}1 4<<71 _Gr Vdylqj Lqfhqwlyhv ZrunB% ESHD1 4=4<<7/ ss1

;804;31

Idundv/ Vwhyh/ dqg Mhdq Mrkqvrq1 4<<:1 _Plohv wr Jr= D Vwdwxv Uhsruw rq Dphulfdqv* Sodqv iru

Uhwluhphqw/% Sxeolf Djhqgd1

Jurvv/ Gdylg dqg Qlfkrodv Vrxohohv1 4<<<d1 _Dq Hpslulfdo Dqdo|vlv ri Shuvrqdo Edqnuxswf| dqg

Gholqtxhqf|1% Plphr1

dqg 1 4<<<e1 _Krz gr shrsoh xvh fuhglw fdugvB% Plphr1

dqg 1 53331 _Frqvxphu Uhvsrqvh wr Fkdqjhv lq Fuhglw Vxsso|= Hylghqfh iurp Fuhglw

Fdug Gdwd1% Plphr1

Jrxulqfkdv/ Slhuuh0Rolylhu/ dqg Mrqdwkdq Sdunhu1 4<<<1 _Frqvxpswlrq Ryhu wkh Olih0F|foh1%

Plphr1

Kdoo/ Urehuw H1 dqg Iuhghulf V1 Plvknlq1 4<;51 _Wkh Vhqvlwlylw| ri Frqvxpswlrq wr Wudqvlwru|

Lqfrph= Hvwlpdwhv Iurp Sdqho Gdwd rq Krxvhkrogv1% Hfrqrphwulfd1 83+5,/ ss1 7940;41

Kduulv/ Fkulvwrskhu/ dqg Gdylg Odlevrq1 53331 _G|qdplf Fkrlfhv ri K|shuerolf Frqvxphuv1%

Iruwkfrplqj Hfrqrphwulfd1

Kd|dvkl/ Ixplr1 4<;81 _Wkh Shupdqhqw Lqfrph K|srwkhvlv dqg Frqvxpswlrq Gxudelolw|= Dqdo0

|vlv edvhg rq Mdsdqhvh Sdqho Gdwd1% Txduwhuo| Mrxuqdo ri Hfrqrplfv1 433+7,/ ss143;6044461

Kxeedug/ Johqq/ Mrqdwkdq Vnlqqhu/ dqg Vwhskhq ]hoghv1 4<<71 _Wkh Lpsruwdqfh ri Suhfdxwlrqdu|

Prwlyhv lq H{sodlqlqj Lqglylgxdo dqg Djjuhjdwh Vdylqj1% Fduqhjlh0Urfkhvwhu Frqihuhqfh

Vhulhv rq Sxeolf Srolf|1 73= Mxqh/ ss1 8<04581
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��~/ ��/ ��~1 4<<81 _Suhfdxwlrqdu| Vdylqj dqg Vrfldo Lqvxudqfh1% Mrxuqdo ri Srolwlfdo

Hfrqrp|1 436/ ss1 6930<<1

Nlqj/ J1 U1/ dqg D1 Z1 Orjxh1 +4<;:, _Fkrlfh lq d Vhoi0Frqwuro Sdudgljp zlwk Kxpdq Vxemhfwv=

H�hfwv ri Fkdqjhryhu Ghod| Gxudwlrq/% Ohduqlqj dqg Prwlydwlrq/ 4;/ 754076;1

Nlue|/ Nulv Q1 +4<<:, _Elgglqj rq wkh Ixwxuh= Hylghqfh Djdlqvw Qrupdwlyh Glvfrxqwlqj ri Ghod|hg

Uhzdugv/% Mrxuqdo ri H{shulphqwdo Sv|fkrorj|/ 459/ 870:31

dqg U1 M1 Khuuqvwhlq1 +4<<8, _Suhihuhqfh Uhyhuvdov Gxh wr P|rslf Glvfrxqwlqj ri Ghod|hg

Uhzdug/% Sv|fkrorjlfdo Vflhqfh/ 9/ 5/ ;60;<1

dqg Qlqr Q1 Pdudnrylf1 +4<<8, _Prgholqj P|rslf Ghflvlrqv= Hylghqfh iru K|shuerolf

Ghod|0Glvfrxqwlqj zlwklq Vxemhfwv dqg Dprxqwv/% Rujdql}dwlrqdo Ehkdylru dqg Kxpdq Gh0

flvlrq Surfhvvhv/ 97/ 4/ 550631

dqg 1 +4<<9, _Ghod|hg0Glvfrxqwlqj Suredelolvwlf Uhzdugv Udwhv Ghfuhdvh dv Dprxqwv

Lqfuhdvh/% Sv|fkrqrplf Exoohwlq dqg Uhylhz/ 6/ 4/ 43304371

Odlevrq/ Gdylg L1 4<<71 _Vhoi0Frqwuro dqg Vdylqjv1% Sk1G1 glvv1/ Pdvvdfkxvhwwv Lqvwlwxwh ri

Whfkqrorj|1

��~1 4<<91 _K|shuerolf Glvfrxqwlqj/ Xqghuvdylqj/ dqg Vdylqjv Srolf|1% Zrunlqj Sdshu 89681

Fdpeulgjh/ Pdvv= Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

��~1 4<<:d1 _Jroghq Hjjv dqg K|shuerolf Glvfrxqwlqj1% Txduwhuo| Mrxuqdo ri Hfrqrplfv1 95=

5/ ss1 77607:;1

��~1 4<<:e1 _K|shuerolf Glvfrxqw Ixqfwlrqv dqg Wlph Suhihuhqfh Khwhurjhqhlw|1% Kduydug

plphr1

��~1 4<<;1 Frpphqwv rq _Shuvrqdo Uhwluhphqw Vdylqj Surjudpv dqg Dvvhw Dffxpxodwlrq/%

e| Mdphv P1 Srwhued/ Vwhyhq I1 Yhqwl/ dqg Gdylg D1 Zlvh/ lq Vwxglhv lq wkh Hfrqrplfv ri
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Djlqj1 Gdylg D1 Zlvh/ hg1 Fdpeulgjh/ Pdvv= QEHU dqg wkh Xqlyhuvlw| ri Fklfdjr Suhvv/

ss1 4390571

��~/ Dqguhd Uhshwwr/ dqg Mhuhp| Wredfpdq1 4<<;1 _Vhoi0Frqwuro dqg Vdylqj iru Uhwluhphqw1%

ESHD1 4/ ss1 <404<91

��~/ ��~ dqg ��~1 53331 _D Ghew Sx}}oh1% plphr1

Orhzhqvwhlq/ Jhrujh/ dqg Gud}hq Suhohf1 4<<51 _Dqrpdolhv lq Lqwhuwhpsrudo Fkrlfh= Hylghqfh

dqg dq Lqwhusuhwdwlrq1% Txduwhuo| Mrxuqdo ri Hfrqrplfv1 8:/ ss1 8:60<;1

Oxvdugl/ Dqqdpduld1 4<<91 _Shupdqhqw Lqfrph/ Fxuuhqw Lqfrph/ dqg Frqvxpswlrq> Hylghqfh

Iurp Wzr Sdqho Gdwd Vhwv1% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv1 47/ ss1;40<31

Ploodu/ D1/ dqg G1 M1 Qdydulfn1 +4<;7, _Vhoi0Frqwuro dqg Fkrlfh lq Kxpdqv= H�hfwv ri Ylghr

Jdph Sod|lqj dv d Srvlwlyh Uhlqirufhu/% Ohduqlqj dqg Prwlydwlrq1 48/ ss1536054;1

Pxooljdq/ Fdvh|1 4<<:1 _D Orjlfdo Hfrqrplvw*v Dujxphqw Djdlqvw K|shuerolf Glvfrxqwlqj1%

Xqlyhuvlw| ri Fklfdjr plphr1

Qdydulfn/ G1 M1 +4<;5, _Qhjdwlyh Uhlqirufhphqw dqg fkrlfh lq Kxpdqv/% Ohduqlqj dqg Prwlydwlrq1

46/ ss169406::1

R*Grqrjkxh/ Whg/ dqg Pdwwkhz Udelq1 4<<:d1 _Grlqj Lw Qrz ru Odwhu1% Dphulfdq Hfrqrplf

Uhylhz1

��~/ dqg ��~1 4<<:e1 _Lqfhqwlyhv iru Surfudvwlqdwruv1% Zrunlqj Sdshu/ Qruwkzhvwhuq Xql0

yhuvlw|1

Sdunhu/ Mrqdwkdq D1 4<<<1 _Wkh Uhdfwlrq ri Krxvhkrog Frqvxpswlrq wr Suhglfwdeoh Fkdqjhv lq

Vrfldo Vhfxulw| Wd{hv%/ Dphulfdq Hfrqrplf Uhylhz1

Skhosv/ H1 V1/ dqg U1 D1 Sroodn1 4<9;1 _Rq Vhfrqg0ehvw Qdwlrqdo Vdylqj dqg Jdph0htxloleulxp

Jurzwk1% Uhylhz ri Hfrqrplf Vwxglhv1 68/ ss1 4;804<<1
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Udqnlq/ Gherudk P1 +4<<6, _Krz wr Jhw Uhdg| iru Uhwluhphqw= Vdyh/ Vdyh/ Vdyh/% Qhz \run

Wlphv/ +624624<<6, s1 661

Uhdg/ Gdqlho/ Jhrujh Orhzhqvwhlq/ Vkredqd Ndo|dqdudpdq/ dqg Dguldq Elyrodux1 +4<<9, _Pl{lqj

Yluwxh dqg Ylfh= Wkh Frpelqhg H�hfwv ri K|shuerolf Glvfrxqwlqj dqg Glyhuvl�fdwlrq/%

Zrunlqj sdshu/ Fduqhjlh Phoorq Xqlyhuvlw|1

Uxqnoh/ Gdylg1 4<<41 _Oltxlglw| Frqvwudlqwv dqg wkh Shupdqhqw0Lqfrph K|srwkhvlv= Hylghqfh

Iurp Sdqho Gdwd1% Mrxuqdo ri Prqhwdu| Hfrqrplfv1 5:+4,/ ss1:60<;1

Vkdslur/ Pdwwkhz G1/ dqg Mrho Vohpurg1 4<<81 _Frqvxphu Uhvsrqvh wr wkh Wlplqj ri Lqfrph=

Hylghqfh iurp d Fkdqjh lq Wd{ Zlwkkroglqj1% Dphulfdq Hfrqrplf Uhylhz1 ;8=4/ ss1 5:70;61

Vkhd/ Mrkq1 4<<81 _Xqlrq Frqwudfwv dqg wkh Olih0F|foh2Shupdqhqw Lqfrph K|srwkhvlv1% Dphul0

fdq Hfrqrplf Uhylhz1 ;8+4,/ ss14;905331

Vlpprqv Pdunhw Uhvhdufk Exuhdx1 4<<91 Wkh 4<<9 Vwxg| ri Phgld dqg Pdunhwv1 Qhz \run1

Vrxohohv/ Qlfkrodv1 4<<<1 _Wkh Uhvsrqvh ri Krxvhkrog Frqvxpswlrq wr Lqfrph Wd{ Uhixqgv1%

Dphulfdq Hfrqrplf Uhylhz1

Vwurw}/ Urehuw K1 4<891 _P|rsld dqg Lqfrqvlvwhqf| lq G|qdplf Xwlolw| Pd{lpl}dwlrq1% Uhylhz

ri Hfrqrplf Vwxglhv1 56/ ss1 49804;31

Wkdohu/ Ulfkdug K1 4<;41 _Vrph Hpslulfdo Hylghqfh rq G|qdplf Lqfrqvlvwhqf|1% Hfrqrplf

Ohwwhuv1 ;/ ss1 534053:1

��~/ dqg K1 P1 Vkhiulq1 4<;41 _Dq Hfrqrplf Wkhru| ri Vhoi0Frqwuro1% Mrxuqdo ri Srolwlfdo

Hfrqrp| ;</ ss1 6<507391

]hoghv/ Vwhskhq S1 4<;<d1 _Frqvxpswlrq dqg Oltxlglw| Frqvwudlqwv= dq Hpslulfdo Lqyhvwljdwlrq1%

Mrxuqdo ri Srolwlfdo Hfrqrp|1 <:=5/ ss1 63806791
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1 4<;<e1 _Rswlpdo Frqvxpswlrq zlwk Vwrfkdvwlf Lqfrph= Ghyldwlrqv iurp Fhuwdlqw| Htxly0

dohqfh1% Txduwhuo| Mrxuqdo ri Hfrqrplfv1 437=5/ ss1 5:80<;1



Age Group Exponential Hyperbolic Soph. Hyperbolic Naif (1) (2) (3)
20-29 0,48 0,66 0,76 0,82 0,81 0,74
30-39 0,28 0,61 0,72 0,79 0,76 0,64
40-49 0,28 0,62 0,82 0,74 0,69 0,58
50-59 0,24 0,57 0,74 0,65 0,59 0,50
60-69 0,09 0,58 0,52 0,42 0,32 0,24
70+ 0,23 0,54 0,41 0,38 0,29 0,22

Sources: 1995 SCF and authors' simulations.
The table reports the fraction of households who hold less than a month's income in liquid wealth.
(1) Cash, checking and savings accounts.
(2) Definition (1) plus money market accounts.
(3) Definition (2) plus call accounts, CDs, bonds, stocks and mutual funds.

Table 1. Percentage of Households with Liquid Assets Less than One Month of Income

Actual dataSimulated data



Age Group Exponential Hyperbolic Hyperbolic Naif Definition 1 Definition 2 Definition 3
20-29 0,97 0,86 0,93 0,10 0,11 0,16
30-39 0,65 0,46 0,56 0,05 0,06 0,11
40-49 0,35 0,24 0,29 0,04 0,05 0,08
50-59 0,20 0,13 0,15 0,04 0,05 0,09
60-69 0,27 0,12 0,17 0,09 0,10 0,20
70+ 0,57 0,56 0,56 0,09 0,12 0,24

Sources: 1995 SCF and authors' simulations.
Definition 1 includes cash, checking accounts, and savings accounts.
Definition 2 includes definition 1 plus money market accounts.
Definition 3 includes definition 2 plus call accounts, CDs, bonds, stocks and mutual funds. 
Illiquid wealth includes all assets not included in the corresponding liquid wealth definition, plus
IRAs, DC plans, life insurance, trusts, annuities, vehicles, home equity, real estate, business
equity, jewelry, furniture, antiques, and home durables.

Simulations Survey of Consumer Finances

Table 2. Share of Assets in Liquid Form



Total Non-Durable
Exponential Simulation
Equation 1b Ε∆ lnY 0,032 0,058

(53.2) (75.7)

Equation 2c Ε∆ lnY 0,035 0,062
(56.7) (79.1)

Hyperbolic-Sophisticate Simulation
Equation 1b Ε∆ lnY 0,166 0,244

(160.0) (180.8)

Equation 2c Ε∆ lnY 0,179 0,268
(170.5) (194.1)

Hyperbolic-Naif Simulation
Equation 1b Ε∆ lnY 0,325 0,437

(232.6) (255.8)

Equation 2c Ε∆ lnY 0,349 0,476
(246.4) (275.0)

Source: Authors' simulations. Standard errors are in parentheses.
The results are based on 5000 simulated households over a 70
year life-cycle. 
aThe dependent variable is the change in the natural logarithm of
consumption. Total consumption refers to non-durable consumption
plus the consumption flow generated by the illiquid asset. 
b The independent variables are the expected change in the natural
logarithm of income, and a full set of age dummies.
c The independent variables are the expected change in the natural
logarithm of income, the change in effective family size, mortality
effects, and a constant.

Growth in Consumptiona

Table 3. Consumption-Income Comovement
Simulated Data



(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)
Ε∆ lnY 0,187 0,186 0,271 0,229 0,230 0,308 0,314 0,297 0,325 0,285 0,293 0,227

(0.122) (0.120) (0.164) (0.129) (0.127) (0.160) (0.147) (0.141) (0.204) (0.133) (0.135) (0.128)

Measurement 
error                                         

White 
noise MA(1) MA(2)

White 
noise MA(1) MA(2)

White 
noise MA(1) MA(2)

White 
noise MA(1) MA(2)

Instruments
  lnYt-2 yes yes yes yes

  lnYt-3 yes yes yes yes yes yes yes yes

  lnYt-4 yes yes yes yes yes yes yes yes yes yes yes yes

  Other inst.a yes yes yes

Overid test 23,56 14,90 44,63 38,49 29,85 2,36 0,53 7,26 1,04
  p-value 0,00 0,00 0,00 0,00 0,00 0,31 0,47 0,03 0,31

F testb 3,71 3,93 6,23 2,75 2,96 3,37
  p-value 0,01 0,02 0,01 0,00 0,00 0,00

Number of obs. 12398 12416 12436 12398 12416 12436 11791 11807 11825 10374 10390 10406
Source: 1978-1992 PSID. Standard errors are in parentheses.
The table reports the 2SLS coefficient α on the following regression model:
ln(Ct)-ln(Ct-1)=α(ln(Yt)-ln(Yt-1))+(age dummies)β+(time dummies)γ+δ(family sizet-family sizet-1)+ εt

where Ct is household consumption, and Yt is household after tax non-asset income. 
a Other instruments: race and marital status dummies, and lagged once and twice annual head's and spouse's work hours. 
b F test of the joint significance of the instruments in the first stage regression. 
c If the household is a homeowner, rent is 0.05 times the market value of the primary residence.
If the household neither owns nor rents, rent is the self-reported rental value of the home if it were rented.

Food + Rent+Utilitiesc

Table 4. Consumption and Income Comovements
High School Graduates

Food consumption Food + Rentc



Consumption growth in period Total Non-Durable
Exponential Simulation
t-1 -.0078 -.0151

(-6.99) (-10.51)

t: Retirement year -.0107 -.0186
(-9.69) (-13.06)

t+1 -.0010 -.0182
(-9.06) (-12.82)

t+2 -.0105 -.0180
(-9.89) (-12.70)

Hyperbolic-Sophisticate Simulation
t-1 -.0225 -.0443

(-11.38) (-16.92)

t: Retirement year -.0569 -.1078
(-28.88) (-41.23)

t+1 -.0403 -.0692
(-20.57) (-26.57)

t+2 -.0254 -.0433
(-13.02) (-16.68)

Hyperbolic-Naif Simulation
t-1 -.0237 -.0421

(-8.57) (-12.22)

t: Retirement year -.0893 -.1597
(-32.37) (-46.56)

t+1 -.0323 -.0548
(-11.75) (-16.04)

t+2 -.0104 -.0159
(-3.80) (-4.67)

Source: Authors' simulations.
a The table reports the coefficients on dummies that are equal to
one in years t-1, t, t+1, and t+2, respectively, if the household
retired in year t, and zero otherwise. The dependent variable is
the change in the natural logarithm of consumption. Total 
consumption includes non durable consumption and the flow
generated by the illiquid asset. Standard errors are in parentheses.
All regressions include a constant, the change the effective
household size, and mortality effects.

Table 5. Consumption Drops at Retirementa

Simulated Data



Cons. growth in year All Over 55 All Over 55 All Over 55
t-1 -0,027 -0,018 -0,043 -0,038 -0,040 -0,033

0,038 0,040 0,030 0,032 0,031 0,033

t: Retirement year -0,001 -0,006 -0,020 -0,017 -0,016 -0,011
0,027 0,029 0,021 0,022 0,025 0,028

t+1 -0,095 -0,087 -0,051 -0,051 -0,064 -0,065
0,035 0,037 0,023 0,024 0,026 0,027

t+2 0,031 0,016 0,013 0,011 0,004 0,001
0,052 0,053 0,033 0,035 0,042 0,045

Source: PSID 1978-1992.
aThe dependent variable is the change in the natural log of consumption. 
The table reports the coefficients on dummies that are equal to 1 in years t-1, t, t+1 and t+2,
respectively, if the household retired in year t, and zero otherwise.
All regressions include time dummies, the change in the effective family size, and age-varying
mortality effects. The Over 55 sample excludes households who retired at ages 55 or younger. 
The retirement dummies are constructed on the basis of the head's self-reported employment status.
b If the household is a homeowner, rent is 0.05 times the market value of the primary residence.
If the household neither owns nor rents, rent is the self-reported rental value of the home if it were rented.

Food+Rent+Utilitiesb

Table 6. Consumption Drops at Retirementa

High School Graduates

Food Food+Rentb



Figure 1. Discount functions
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Source: Authors’ calculations.   Exponential: δt, with δ=0.939; hyperbolic: (1+αt)-γ/α, with α=4 and γ=1; and quasi-hyperbolic:  {1,βδ,βδ2,βδ3,...}, with β=0.7 and δ=0.957.
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Figure 2: Simulated Mean Income and Consumption of Exponential Households
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Figure 3: Simulated Income and Consumption of a Typical Exponential Household

Age
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Figure 4: Mean Consumption of Exponential and Hyperbolic Households
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Figure 5: Simulated Mean Liquid Liabilities, Liquid Assets, Illiquid Wealth,
 and Total Wealth for Exponential Households

Age

Source: Authors’ simulations.
The figure plots the simulated mean level of liquid liabilities, liquid assets, illiquid wealth,
and total wealth for households with high school graduate heads.
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Figure 6: Mean Total Wealth of Exponential and Hyperbolic Households

Age

Source: Authors’ simulations.
The figure plots average wealth over the life-cycle for simulated exponential and
hyperbolic households with high school graduate heads.
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Figure 7: Mean Illiquid Wealth of Exponential and Hyperbolic Households
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Figure 8: Mean Liquid Liabilities and Assets of Exponential and Hyperbolic Households


